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Teories Efectives: la lupa dels f´ısics teo`rics
A qui se li acudiria buscar un carrer a Vale`ncia amb un mapa gala`ctic? O a l’inreve´s,
qui voldria comprovar la posicio´ d’una gala`xia mirant el pla`nol d’una ciutat? Aquest
e´s, en deﬁnitiva, l’arrel de les teories efectives de camps: la dina`mica a escales de
dista`ncies grans no depe´n dels detalls de la dina`mica a escales de dista`ncies petites;
e´s a dir –tot considerant un exemple me´s f´ısic– no te´ sentit tenir en compte el
moviment de la Lluna al voltant de la Terra quan s’estudia el moviment de la nostra
gala`xia.
En realitat, la idea de les teories efectives de camps sempre ha estat impl´ıcita
a l’hora d’estudiar els feno`mens de la natura. Hom considera els graus de llibertat
adequats al sistema que s’esta` estudiant.
Com a exemple il·lustratiu, es pot estudiar la f´ısica de l’a`tom. Una ana`lisi que
considere l’Electrodina`mica Qua`ntica (QED) no e´s la millor opcio´, e´s a dir, utilitzar
els quarks i els leptons com a graus de llibertat no sembla ser massa u´til. Un
enfocament me´s convenient empraria electrons no relativistes que orbiten al voltant
d’un nucli. Com a primera aproximacio´, hom podria considerar un nucli amb massa
inﬁnita: solament la massa de l’electro´ i la constant d’estructura ﬁna caldrien per
descriure el sistema. Si es desitjara una precisio´ major, s’hauria de considerar la
massa ﬁnita del proto´, si encara se’n vol me´s, l’spin i el moment magne`tic... i aix´ı
successivament. El punt principal e´s que s’haja triat la teoria efectiva adient.
Partint d’aquest plantejament es dedueix que una primera qu¨estio´, i molt sovint
no trivial, e´s saber triar els graus de llibertat adequats a l’escala que s’esta` conside-
rant. Per tant, les teories efectives constitueixen les eines teo`riques me´s convenients
per descriure la dina`mica a baixes energies, on el terme ‘baixes’ es refereix a una
determinada escala Λ. Com s’explica al llarg de la tesi, nome´s es consideren els graus
de llibertat rellevants, i.e. aquells estats amb m  Λ, mentre que les excitacions
me´s pesades amb M  Λ han estat integrades fora de l’accio´. S’han d’emprar les
interaccions necessa`ries entre els estats lleugers, que poden organitzar-se com una
expansio´ en pote`ncies de l’energia sobre l’escala Λ.
Un tret important per classiﬁcar les teories efectives de camps e´s la intensitat de
la teoria fonamental en la regio´ d’energies que s’estudia, e´s a dir, es distingeix el cas
en que` la teoria a altes energies esta` feblement o fortament acoblada. En el primer
cas el valor dels acoblaments efectius pot obtenir-se pertorbativament en termes de
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la teoria subjacent. Tanmateix, en el segon cas hom no pot fer ca`lculs pertorbatius,
aix´ı que aquesta possibilitat no esta` a l’abast en els models realistes. L’enfocament
efectiu que farem en aquesta tesi e´s del segon tipus: solament certs lligams provinents
de la teoria subjacent podran emprar-se, pero` el valor dels acoblaments no podra`
obtenir-se teo`ricament de manera directa.
S’ha dit que la dina`mica a escales de dista`ncies grans no depe´n dels detalls de la
dina`mica a escales de dista`ncies petites. Aquesta aﬁrmacio´ s’hauria d’aclarir: l’u´nic
efecte de la teoria a altes energies consisteix a ﬁxar el valor dels acoblaments a baixes
energies, a banda de proveir les simetries que hauran de ser tingudes en compte en
estudiar la f´ısica a grans dista`ncies.
La Teoria de Pertorbacions Quirals
El corriment d’αs
Amb les evide`ncies experimentals i teo`riques actualment a l’abast hom accepta que
la teoria gauge SU(3)C , la Cromodina`mica Qua`ntica (QCD), descriu adequadament
les interaccions hadro`niques. Com que l’intere´s d’aquesta tesi se centra en QCD a
energies entre la massa de la ρ i 2 GeV, potser siga convenient comenc¸ar analitzant
el comportament de la interaccio´ forta a baixes energies.
QCD descriu la interaccio´ forta entre quarks i gluons mitjanc¸ant una teoria gauge
no abeliana SU(3)C . Abans de fer ca`lculs pertorbatius a baixes o altes energies, s’ha
d’analitzar el corriment de l’acoblament fort αs, per poder conﬁrmar si e´s possible
considerar l’acoblament com una quantitat petita. E´s a dir, s’ha de renormalitzar
la teoria i, en el cas d’utilitzar regularitzacio´ dimensional, estudiar la depende`ncia
de αs en l’escala µ. Assumint que l’acoblament fort e´s suﬁcientment petit per fer




(11NC − 2nf) log(q2/Λ2QCD)
, (1)
amb NC el nombre de colors i nf el nombre de sabors. Es veu que l’evolucio´ de
l’acoblament amb l’escala sols depe´n d’un para`metre ΛQCD, que s’anomena l’escala
de QCD. L’Eq. (1) permet comprovar la llibertat asimpto`tica de QCD, e´s a dir, el
corriment fa xicotet l’acoblament fort a altes energies, a difere`ncia amb el que ocorre
en QED. Si en el cas de QED aquest resultat s’interpreta com un apantallament de
la ca`rrega degut a la prese`ncia de parells virtuals electro´-positro´, es pensa en un
efecte d’anti-apantallament en QCD, que e´s consequ¨e`ncia de la natura no abeliana
de les interaccions gluo`niques.
Encara que l’Eq. (1) solament e´s va`lida en la regio´ en que` αs e´s xicoteta, perque`
ha estat obtinguda mitjanc¸ant un ca`lcul pertorbatiu, s’espera un creixement de
l’acoblament a baixes energies, que condueix al conﬁnament de QCD: els estats
asimpto`tics de QCD no poden ser els quarks. De fet, la fenomenologia suporta
aquesta idea: pot suposar-se el conﬁnament de quarks i gluons en hadrons.
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Com a consequ¨e`ncia d’aixo` no podem treballar pertorbativament a baixes ener-
gies emprant el lagrangia` de QCD. Un enfocament que utilitze teories efectives de
camps sembla ser la manera adequada de treballar amb QCD a grans dista`ncies.
La simetria quiral
En abse`ncia de la massa dels quarks el lagrangia` de QCD e´s invariant sota trans-
formacions globals G ≡ SU(nf )L ⊗ SU(nf )R, independentment per als components
quirals dreta` i esquerra` dels quarks.
Les simetries globals tenen inﬂue`ncia en l’espectre, mentre que les locals deter-
minen la interaccio´. Per aixo`, la simetria global quiral, que hauria de ser una bona
simetria en el sector dels quarks lleugers (nf = 3), hauria de tenir implicacions en
l’espectre hadro`nic. Tanmateix, aixo` no vol dir que s’haja d’observar necessa`riament
en l’espectre, ja que les simetries sempre tenen dues maneres d’implementar-se: o
so´n manifestes –i donen lloc a una classiﬁcacio´ en l’espectre– o es produeix un
trencament espontani de la simetria, amb la consequ¨ent generacio´ dels bosons de
Goldstone [5].
El segu¨ent pas e´s anar, doncs, a la fenomenologia. Encara que els hadrons poden
ser classiﬁcats amb representacions SU(3)V , no es troben multiplets degenerats amb
paritat oposada. De me´s a me´s, l’octet de pseudoescalars me´s lleuger ho e´s molt me´s
que la resta dels estats hadro`nics. Tot aixo` condueix a considerar un trencament
espontani SU(3)L⊗SU(3)R a SU(3)V . Com que hi ha n2f − 1 = 8 generadors axials
trencats en el grup quiral, s’haurien d’observar vuit estats hadro`nics amb JP = 0−
(π+, π−, π0, η, K+, K−, K0, K
0
). Les seues masses xicotetes so´n generades per la
matriu de masses dels quarks, que expl´ıcitament trenca la simetria quiral. Tenint en
compte aquest trencament expl´ıcit de la simetria, nosaltres anomenarem el multiplet
dels pions pseudo-bosons de Goldstone.
El formalisme general per construir lagrangians efectius amb trencament espon-
tani de simetria fou proposat per Callan, Coleman, Wess and Zumino [7]. En el cas
de QCD a baixes energies e´s possible utilitzar aquestes idees per construir una teoria
efectiva que descriga la interaccio´ entre els pseudo-bosons de Goldstone. Com que hi
ha un espai gran de separacio´ entre la massa d’aquest multiplet i la resta d’hadrons,
hom pot imaginar fa`cilment una teoria efectiva de camps que continga sols aquests
modes. Seguint aquestes idees, la Teoria de Pertorbacions Quirals (χPT) e´s la teoria
efectiva de QCD per a molt baixes energies [8, 9, 10]. El seu e´xit ha estat comprovat
fenomenolo`gicament [11].
Aquest marc es desenvolupa com una expansio´ pertorbativa en moments i masses
dels pseudo-bosons de Goldstone. Llavors, el lagrangia` pot ser organitzat en termes





on els sub´ındexs indiquen el nombre de derivades o masses.
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Encara que χPT no e´s renormalitzable stricto sensu, se segueix un procediment
pertorbatiu de renormalitzacio´ on les diverge`ncies generades amb els diagrames amb
bucles so´n reabsorvides amb un nombre ﬁnit de nous operadors. Aquest me`tode esta`
ben deﬁnit ordre a ordre en l’expansio´ quiral. Aix´ı, per exemple, les diverge`ncies
generades amb bucles constru¨ıts amb el lagrangia` dominant LχPT2 so´n reabsorvides
mitjanc¸ant la renormalitzacio´ dels acoblaments de LχPT4 [9].
La Teoria Quiral de Ressona`ncies
Millorant els lagrangians fenomenolo`gics a` la Weinberg
Un cop s’accepta que l’estudi de la dina`mica hadro`nica esta` diﬁcultat a baixes ener-
gies per la nostra incapacitat d’implementar QCD d’una manera no pertorbativa
en aquests processos, es necessiten noves maneres de treballar amb QCD en aquest
re`gim d’energies. Com ha estat argumentat anteriorment, les teories efectives de
camps so´n una eina adequada per aquest ﬁ [1, 2]. L’e`xit de diferents teories efec-
tives de QCD per a diferents re`gims, com ara la Teoria de Pertorbacions Quirals
(χPT), la Teoria Efectiva del Quark Pesat (HQET) o la Cromodina`mica Qua`ntica
No Relativista (NRQCD), e´s una bona prova d’aixo`.
Tot i aixo`, en la regio´ d’energies en que` estem interessats, Mρ <∼ E <∼ 2 GeV,
la situacio´ e´s me´s complicada. Encara que la simetria quiral encara do´na molts
lligams dina`mics, l’habitual contatge de χPT es trenca amb la prese`ncia d’escales
d’energia majors. A me´s a me´s, aquest re`gim esta` poblat de moltes ressona`ncies
i l’abse`ncia d’una separacio´ entre les masses en l’espectre fa dif´ıcil un enfocament
mitjanc¸ant teories efectives de camps, ja que no e´s clar quins graus de llibertat han
estat integrats i, en qualsevol cas, des de quin llindar d’energies s’estan integrant
els modes pesats. En tot cas, molts dels principals trets de les teories efectives de
camps seran molt u´tils per portar a terme el nostre objectiu.
Els principals ingredients del nostre esquema so´n els segu¨ents:
1. Haur´ıem de comenc¸ar l’enfocament mitjanc¸ant els lagrangians fenomenolo`gics
proposats per Weinberg en la Ref. [8]. Ell sugger´ı construir el lagrangia` me´s
general possible, incloent tots els termes consistents amb els principis de sime-
tria assumits, esperant que els ca`lculs dels elements de matriu donaren la
matriu S me´s general que respectara analiticitat, unitarietat, descomposicio´
en grups i les simetries. En el cas de QCD a baixes energies, un dels trets
fonamentals seria la introduccio´ dels estats lligats, els hadrons, com a graus
de llibertat. Vegeu que la tria dels graus de llibertat e´s un punt fonamental
per construir els lagrangians efectius.
E´s important assenyalar que en aquests lagrangians generals, que anomenarem
lagrangians fenomenolo`gics a` la Weinberg, no s’ha fet u´s de cap informacio´
dina`mica me´s enlla` de principis generals. Aquest fet ens permet emprar infor-
macio´ addicional de la teoria subjacent de les interaccions fortes per millorar
la nostra descripcio´.
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2. QCD a gran NC [14, 15] proporciona un bon escenari on treballar. El l´ımit
d’un nombre inﬁnit de colors de quarks resulta ser un instrument molt u´til per
entendre moltes caracter´ıstiques de QCD i subministra un contatge per de-
scriure les interaccions entre mesons. Assumint conﬁnament, el l´ımit NC →∞
restringeix enormement la dina`mica dels mesons aﬁrmant que les funcions de
Green de la teoria ve´nen descrites per diagrames a ordre arbre d’un lagrangia`
efectiu amb ve`rtexs locals i mesons com a graus de llibertat; les correccions en
1/NC es calculen mitjanc¸ant bucles obtinguts amb el mateix lagrangia` efec-
tiu. L’expansio´ en 1/NC do´na un bon esquema quantitatiu d’aproximacio´ a la
dina`mica hadro`nica [16].
3. L’altre progre´s en l’enfocament fenomenolo`gic e´s dut a terme mitjanc¸ant les
propietats de QCD a curtes dista`ncies. La majoria d’aquests lligams s’obtenen
a partir de fer l’empalmament de les funcions de Green dels corrents de QCD
avaluades amb la teoria efectiva amb aquells obtinguts utilitzant l’expansio´
pertorbativa OPE. L’altra font de lligams sorgeix de l’ana`lisi dels factors de
forma.
En resum, tenint en compte les diﬁcultats per utilitzar un me`tode formal amb
teories efectives de camps en la regio´ de les ressona`ncies, es treballara` mitjanc¸ant
un enfoncament basat en les idees dels lagrangians fenomenolo`gics explicats en la
Ref. [8]. Aquest acostament pot desenvolupar-se emprant l’expansio´ en 1/NC i
els lligams obtinguts a partir del comportament a altes energies de QCD. Amb
tot aixo` s’han avanc¸at les principals claus que destaquen en la Teoria Quiral de
Ressona`ncies (RχT) [17, 18, 19], el marc proposat en aquesta tesi per tractar amb
la Cromodina`mica Qua`ntica a energies interme`dies, Mρ <∼ E <∼ 2 GeV.
L’expansio´ en 1/NC
Treballar amb QCD a energies interme`dies seria me´s fa`cil utilitzant un para`metre
d’expansio´. Com s’ha explicat anteriorment, l’acoblament fort αs no pot ser una
solucio´, tenint en compte les equacions del grup de renormalitzacio´. En la regio´ de
ressona`ncies es trenca l’usual contatge quiral. Per tant, la teoria gauge SU(3)C amb
quarks lleugers no te´ un para`metre d’expansio´ obvi.
’t Hooft sugger´ı que hom podria generalitzar QCD i emprar un grup gauge
SU(NC) [14]. L’esperanc¸a era poder resoldre la teoria en el l´ımit en que` NC e´s molt
gran, i que el valor f´ısic NC = 3 fo´ra qualitativament i quantitativament pro`xim al
valor obtingut en aquest l´ımit.
QCD se simpliﬁca quan NC e´s gran, i do´na lloc a una expansio´ sistema`tica en
pote`ncies d’1/NC . Triant que l’acoblament αs e´s d’O(1/NC), e´s a dir, considerant
que αsNC e´s una constant en el l´ımit del gran nombre de colors, i suposant conﬁna-
ment, els principals resultats so´n els segu¨ents:
1. En el l´ımit NC → ∞ els mesons i els estats gluo`nics so´n lliures, estables i no
interaccionen entre ells. Les masses dels mesons tenen l´ımits suaus i el nombre
d’estats meso`nics e´s inﬁnit.
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2. Els deca¨ıments dels mesons so´n d’O(1/√NC), mentre que les amplituds de
col·lisio´ meso´-meso´ so´n d’O(1/NC).
3. A primer ordre en l’expansio´ 1/NC la dina`mica dels mesons esta` descrita per
la suma dels diagrames a ordre arbre d’un lagrangia` efectiu local que inclou
mesons f´ısics en lloc de quarks i gluons. Ac¸o` convida a pensar ra`pidament en
el bon enfocament dels lagrangians fenomenolo`gics proposats anteriorment.
4. En el l´ımit NC → ∞ la regla de Zweig e´s exacta i, per tant, els mesons
es classiﬁquen en nonets de sabors U(3). Ha desaparegut en aquest l´ımit
l’anomalia axial i s’ha restablert aix´ı la simetria U(3)L ⊗ U(3)R.
5. Sota hipo`tesis raonables es pot provar que el grup de simetria de QCD en el
l´ımit NC →∞, U(nf )R ⊗ U(nf )L es trenca esponta`niament a U(nf )V [20].
6. Els mesons so´n estats qq purs, e´s a dir, la f´ısica hadro`nica del mar de parells
qq esta` suprimida.
Aquests resultats poden llegir-se de dues maneres. Hom podria dir que s’ha utilitzat
l’expansio´ en 1/NC per explicar alguns fets experimentals de la interaccio´ forta. La
possibilitat que nosaltres preferim e´s dir que aquestes caracter´ıstiques quantitatives
so´n una prova que QCD a gran NC e´s una bona aproximacio´ a la natura [15]. Vegeu
que aﬁrmar que l’expansio´ en 1/NC e´s una bona aproximacio´ al mo´n real e´s quelcom
important des d’un punt de vista teo`ric, ja que aquesta expansio´ pot ser emprada
com a para`metre d’expansio´ en dur a terme el nostre enfocament efectiu.
Construint el lagrangia` de la Teoria Quiral de Ressona`ncies
L’objectiu e´s treballar amb QCD en la regio´ de les ressona`ncies, Mρ <∼ E <∼ 2 GeV,
tot utilitzant els lagrangians fenomenolo`gics a` la Weinberg explicats ade´s, que seran
implementats mitjantc¸ant l’expansio´ en 1/NC . Hom ha de considerar el lagrangia`
me´s general possible, e´s a dir, el que inclou tots els termes consistents amb les
simetries, utilitzant els hadrons com a graus de llibertat. Per a la construccio´ de la
nostra teoria efectiva s’han de tenir en compte diferents assumptes:
1. Per tal de poder recuperar a molt baixes energies els resultats de χPT, con-
siderar la simetria quiral e´s la millor opcio´. Tenint en compte els resultats
de QCD a gran NC , els mesons so´n ordenats en multiplets U(3) i solament es
consideren operadors amb una trac¸a en l’espai de sabor [21, 23].
2. E´s un fet ben conegut que per donar-li sentit a qualsevol descripcio´ efectiva
cal empalmar els resultats amb els de la teoria subjacent (QCD en aquest cas).
Cal ressaltar que el comportament asimpto`tic de QCD es troba ja a energies
E ∼ 2 GeV. Aleshores RχT hauria de recuperar el comportament a altes
energies de QCD. Aquesta exige`ncia exclou interaccions amb moltes derivades,
ja que aquestes tendeixen a violar el comportament asimpto`tic guiat per QCD.
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Aixo` permet entendre l’e´xit fenomenolo`gic de les aproximacions habituals, on
solament es consideren tensors quirals ﬁns O(p2). A me´s, aquest empalmament
provoca alguns lligams entre els acoblaments efectius del lagrangia`, reduint-se
per tant el nombre de para`metres desconeguts.
3. Encara que QCD a gran NC e´s un instrument robust per dur a terme QCD
a energies interme`dies, calen algunes aproximacions per poder construir el
lagrangia` efectiu. Com que el nombre de mesons e´s inﬁnit en aquest l´ımit,
l’aproximacio´ me´s comu´ e´s el tall en el nombre de ressona`ncies, considerant
solament els estats me´s lleugers. Se suposa que aquesta e´s una aproximacio´
bona perque` les contribucions dels estats me´s pesats estan suprimides per llurs
masses. La fenomenologia suporta aquesta aproximacio´.
En la Ref. [17] solament es consideraren les contribucions de les ressona`ncies
me´s lleugeres amb cadascu´n dels nombres qua`ntics, la famosa aproximacio´
d’una sola ressona`ncia. Aix´ı mateix la nostra ana`lisi sera` feta sota aquesta
aproximacio´.
Com que el nombre de funcions de Green e´s inﬁnit, e´s clar que no totes
les condicions d’empalmament poden satisfer-se amb un nombre ﬁnit de res-
sona`ncies: certes incerteses degudes al tall de l’espectre so´n introdu¨ıdes en la
determinacio´ dels para`metres. De fet, es pot arribar a certes inconsiste`ncies en
les relacions entre els acoblaments efectius. L’aproximacio´ hadro`nica mı´nima
generalitza l’aproximacio´ d’una sola ressona`ncia, de tal manera que s’inclou el
mı´nim nombre de ressona`ncies que permet recuperar el comportament de QCD
a altes energies en l’amplitud considerada [24]. Encara que aquesta opcio´ e´s
una aproximacio´ de QCD, esta` ben suportada per la fenomenologia d’aquelles
funcions de Green que so´n para`metres d’ordre de la simetria quiral. En algunes
situacions les desviacions respecte als resultats en el limit NC →∞ estan sota
control [24, 25].
4. S’ha demostrat [18] que els acoblaments del lagrangia` subdominant de χPT,
LχPT4 , estan saturats per l’intercanvi de ressona`ncies generat pels termes lineals
en els camps de ressona`ncies. Per tant, la introduccio´ expl´ıcita dels opera-
dors de L(4)pGB conduiria a considerar dues vegades les contribucions de les
ressona`ncies. No s’ha realitzat una ana`lisi similar a O(p6) sistema`ticament,
encara que sembla una suposicio´ raonable. La nostra teoria assumeix una
saturacio´ completa dels acoblaments del lagrangia` de χPT.
5. A me´s a me´s de les peces cine`tiques, solament els termes lineals en les res-
sona`ncies foren considerats en la Ref. [17] perque` l’objectiu de l’article era
obtenir les contribucions dominants de les ressona`ncies als acoblaments quirals
de LχPT4 . En el cap´ıtol 3 l’estudi d’un observable, a ordre subdominant en
l’expansio´ en 1/NC, permet justiﬁcar la necessitat de considerar operadors
amb me´s d’una ressona`ncia, si es volen satisfer les condicions d’empalmament
amb QCD [26].
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Seguint el camı´ obert en la Ref. [17], s’han estudiat les contribucions domi-
nants de les ressona`ncies a alguns acoblaments quirals d’O(p6), tot considerant
diverses funcions de tres punts [27]. Un enfocament me´s sistema`tic i complet
a aquest tema pot trobar-se en la Ref. [19].
L’empalmament amb QCD
Com hem senyalat ade´s, un ingredient ba`sic per avanc¸ar en la construccio´ de la Teoria
Quiral de Ressona`ncies e´s considerar els lligams de QCD a altes energies, e´s a dir,
l’empalmament entre RχT i la teoria completa. De fet, sense considerar els lligams
asimpto`tics de la dina`mica forta subjacent hi ha massa para`metres desconeguts en
el nostre enfocament efectiu, degut a la natura no pertorbativa de QCD a baixes
energies. Cal emfatitzar la importa`ncia del nombre de para`metres desconeguts per
determinar el poder predictiu del lagrangia`.
La majoria dels lligams a curtes dista`ncies emprats en la bibliograﬁa resulten
d’utilitzar els resultats dominants de l’expansio´ OPE de les funcions de Green dels
corrents de QCD. L’altra possibilitat e´s considerar el comportament de Brodsky-
Lepage dels factors de forma [28], i.e. exigir que els factors de forma a dos cossos
dels corrents hadro`nics s’anul·len a altes energies. Aquest comportament ha es-
tat comprovat en el cas dels pseudo-bosons de Goldstone i dels fotons. El dubte
apareix quan s’estudien factors de forma que involucren ressona`ncies com a estats
asimpto`tics. Una de les principals motivacions d’aquesta tesi e´s intentar clariﬁcar
aquesta qu¨estio´, relacionant els factors de forma a dos cossos amb les funcions de
Green de dos punts a ordre subdominant en l’expansio´ en 1/NC [29, 30].
Cal emfatitzar un altre punt respecte als lligams asimpto`tics. O`bviament les
relacions trobades depenen del lagrangia` emprat: no tindrem els mateixos lligams si
utilitzem el lagrangia` de la Ref. [17], on u´nicament s’han considerat les interaccions
lineals en els camps de ressona`ncies [22], o si es considera un lagrangia` me´s general
que no limite el nombre de ressona`ncies en els operadors [29, 30].
Correccions qua`ntiques en la Teoria Quiral de Res-
sona`ncies
Des del comenc¸ament la Teoria Quiral de Ressona`ncies ha estat utilitzada tant
en l’estudi de les contribucions de les ressona`ncies en processos febles [53] com en
l’estudi de factors de forma de mesons [46]. En ambdo´s casos el lagrangia` de RχT
s’ha utilitzat solament a ordre arbre i, en consequ¨e`ncia, s’han obtingut les contribu-
cions dominants en l’expansio´ en 1/NC del nostre model.
Les correccions qua`ntiques sorgeixen quan es fan ca`lculs a un bucle amb la teoria
i el seu control comenc¸a a caldre tant per la converge`ncia de les prediccions com per
redrec¸ar el nostre coneixement no pertorbatiu de QCD:
1. Cal una resumacio´ de Dyson-Schwinger d’ordres subdominants per descriure
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les amplituds prop dels pics de les ressona`ncies [47], la qual cosa condueix a
ca`lculs ﬁns a un bucle [26, 29, 30, 37, 54].
2. E´s convenient millorar les prediccions no pertorbatives de QCD per poder
distingir els efectes de la nova f´ısica en alguns observables.
3. La determinacio´ de les contribucions de les ressona`ncies en els acoblaments
quirals a ordre subdominant mitjanc¸ant aquestes correccions qua`ntiques en
RχT e´s molt interessant, ja que permetria mantenir sota control l’escala de
renormalitzacio´ i les possibles incerteses degudes al corriment d’aquests acobla-
ments.
4. Des d’un punt de vista me´s teo`ric, les correccions qua`ntiques so´n fonamentals
per trobar la descripcio´ mitjanc¸ant una teoria de camps que permeta entendre
les interaccions hadro`niques me´s enlla` de modelitzacions ad hoc.
RχT no e´s renormalitzable. A me´s a me´s la manca d’un para`metre d’expansio´
en el lagrangia` diﬁculta l’aplicacio´ d’un programa de renormalitzacio´ pertorbatiu
basat en un contatge ana`log al cas de χPT. Tanmateix, com s’explica al llarg de
la tesi, la situacio´ no e´s molt diferent al cas de χPT [29, 30]. Com es mostra en el
cap´ıtol 3, on el factor de forma del pio´ e´s calculat a ordre subdominant, dins de la
teoria e´s possible construir un nombre ﬁnit d’operadors, els acoblaments dels quals
puguen absorbir les diverge`ncies dels diagrames amb un bucle. L’u´nic requeriment,
e´s clar, e´s que el proce´s de regularitzacio´ de les diverge`ncies respecte les simetries
del lagrangia`.
Un primer pas en aquesta direccio´ fou l’estudi de les contribucions de les res-
sona`ncies a nivell qua`ntic al corriment de l’acoblament de χPT L10(µ) [37], tot i que
no es va fer una ana`lisi de les diverge`ncies ultraviolades i la seua renormalitzacio´
corresponent.
Els diagrames de Feynman amb bucles que inclouen ressona`ncies solament s’han
analitzat en certs models amb simetries addicionals. Per exemple, la descripcio´ que
fa u´s de la simetria local oculta [38] implica un comportament ultraviolat molt me´s
simple [39]. Les correccions qua`ntiques a alguns para`metres de ressona`ncies s’han
estudiat [40, 41] en el context de la χPT del meso´ vectorial pesat [42], que adopta el
l´ımit MR → ∞ per garantir un bon contatge quiral; tambe´ amb aquest ﬁ [43] s’ha
utilitzat el model de Nambu-Jona-Lasinio [44].
Aix´ı mateix e´s molt important estudiar el comportament asimpto`tic de la teoria
una vegada s’han introdu¨ıt els contratermes adients. Cal estudiar amb cura els
lligams implicats per les propietats de QCD a altes energies en el cas de ca`lculs a
ordre subdominant en 1/NC.
La renormalitzacio´ formal de RχT a un bucle sembla ser un treball complicat,
que demana pre`viament l’ana`lisi de certs ingredients. Aquesta tesi mira de ser un
avanc¸ament en aquesta direccio´:
1. Per tal de millorar l’enteniment del comportament de les correccions qua`ntiques,
fo´ra convenient comenc¸ar fent un ca`lcul d’una amplitud f´ısica ben determinada
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que incloga diagrames amb un bucle. En el cap´ıtol 3 es mostra una investigacio´
acurada del factor de forma del pio´ a ordre subdominant en l’expansio´ 1/NC.
E´s molt rellevant el l´ımit a altes i baixes energies del resultat trobat. El l´ımit a
altes energies permet estudiar els lligams asimpto`tics de QCD quan es treballa
amb correccions qua`ntiques. Per la seua banda, el l´ımit a baixes energies ens
proporciona les contribucions subdominants de l’intercanvi de ressona`ncies a
l’acoblament quiral 6(µ) (L9(µ) en el cas de tres sabors).
2. Tot utilitzant els correladors amb correccions qua`ntiques, en el cap´ıtol 4 es
justiﬁca la necessitat d’estudiar el comportament a altes energies dels factors
de forma que inclouen ressona`ncies com a estats asimpto`tics. Tenint en compte
la importa`ncia de l’empalmament en qualsevol teoria efectiva, e´s fonamental
tenir clar quins so´n els lligams que s’han d’utilitzar en la nostra modelitzacio´
de la interaccio´ forta a energies interme`dies.
S’analitzen tots els factors de forma a dos cossos que poden deﬁnir-se en el
sector de paritat intr´ınseca parella de la Teoria Quiral de Ressona`ncies sota
l’aproximacio´ d’una u´nica ressona`ncia. Una vegada s’han incorporat aquests
lligams s’espera evitar el mal comportament asimpto`tic a grans moments
d’aquelles contribucions que ve´nen de diagrames amb ressona`ncies com a estats
intermedis.
A me´s a me´s, una vegada es disposa d’amplituds ben comportades a curtes
dista`ncies, ca`lculs a un bucle poden predir les contribucions de les ressona`ncies
als acoblaments quirals amb la depende`ncia d’escala sota control. Seguint
aquest camı´, es presenta una prediccio´ subdominant de L8(µ).
3. En el cap´ıtol 5 s’estudia la funcio´ generatriu a nivell subdominant obtinguda
amb RχT quan nome´s s’incorporen ressona`ncies escalars i pseudoescalars i sols
acoblaments bilineals en els camps de les ressona`ncies. S’obtenen aix´ı tots els
operadors necessaris per renormalitzar la teoria.
Chapter 1
Eﬀective Field Theories
1.1 The Magnifying Glass of the Theoretical Physi-
cists
Who would look for a street in Vale`ncia with a galactic map? Or the other way
around, who would want to check the position of a galaxy by using the street plan of
a city? All in all, this is the key of an Eﬀective Field Theory (EFT): the long-distance
dynamics do not depend crucially on the details of the short-distance dynamics. In
other words, considering the Moon movement around the Earth in order to study
our galaxy movement has no sense.
In fact, the idea of eﬀective ﬁeld theories has been always implicit when describing
Nature. One takes into account the suitable degrees of freedom for the problem at
hand.
As an illustrative example the physics of the atom can be examined. An analysis
considering Quantum Electrodynamics (QED) seems to be a bit useless, i.e. using
quarks as degrees of freedom is not the best choice. A better approach would make
use of non-relativistic electrons orbiting around the nucleus. As a ﬁrst approxima-
tion, one could consider an inﬁnite mass for the nucleus: only the electron mass
and the ﬁne structure constant would be required to describe the system. If more
precision is needed, the ﬁnite mass of the proton can be taken into account, if even
more precision is demanded the spin and the magnetic moment... and so on. The
main idea is that the right eﬀective theory of the system has been chosen.
From this setting one can deduce that a ﬁrst question, and often not naive, is to
choose the appropriate degrees of freedom at the scale under consideration. That is,
eﬀective theories are the suitable theoretical tools to describe low-energy dynamics,
where the term ‘low’ refers to a determined scale Λ. As it will be explained in the
next section, only the relevant degrees of freedom, i.e. those states with m Λ, are
considered, while heavier excitations with M  Λ have been integrated out from
the action. One has to use suitable interactions among the light states, which can
be organized as an expansion in powers of energy over the scale Λ.
A remarkable feature to classify eﬀective ﬁeld theories is the strength of the un-
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derlying theory in the region at hand, i.e. one can distinguish the case in which
the high-energy theory is weakly or strongly coupled. In the ﬁrst case the value of
the eﬀective couplings can be obtained perturbatively in terms of the underlying
couplings. However, in the second case one cannot perform perturbative calcula-
tions, so this possibility is not at hand for realistic models. The eﬀective approach
we are going to use within this work is of the second kind, that is, only diﬀerent
restrictions coming from the underlying theory can be used, but the value of the
couplings cannot be obtained directly.
It has been claimed above that the low-energy dynamics do not depend on the
details of the high-energy region. This sentence should be clariﬁed: the only eﬀect
of the high-energy theory is to ﬁx the value of the couplings and to provide the
symmetries that must be considered in order to describe the long-distance scenario.
To prepare this ﬁrst chapter, we have made extensive use of several reviews [1, 2].
1.2 Integration of the Heavy Modes
We want to present from a more formal point of view what has been explained in the
previous section, by following path integrals methods. Assuming that the theory at
high energies is known, the eﬀective action Γeﬀ , which encodes all the information





where Φl and Φh refer to the light and heavy ﬁelds respectively and S[Φl,Φh] is the




d4x Leﬀ [Φl] . (1.2)
It is possible to compute the eﬀective action Γeﬀ [Φl], at least formally, using the
saddle point technique. The heavy ﬁeld Φh can be expanded around some ﬁeld
conﬁguration Φh as follows
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With this choice Eq. (1.1) turns out to be





d4x d4y{ 12∆Φh(x)A(x,y)∆Φh(y)+...} , (1.5)
1.3 Renormalizability and Eﬀective Theories 21
where










Γ(k) = S[Φl,Φh[Φl]] +
i
2
Tr (logA[Φl]) + . . . . (1.7)
The expansion in Eq. (1.3) turns out to be an expansion in the number of loops,
that is the ﬁrst term corresponds to a tree level integration of the heavy ﬁeld Φh, as
clearly seen from Eq. (1.5).
Although the above expansion is quite general and, in principle, it can always
be performed, the calculations are very often complicated or cannot be obtained
perturbatively. For instance, not always the degrees of freedom of the eﬀective
theory are present in the fundamental one. However, as it has been claimed in the
former section, some information for the eﬀective low-energy action can be obtained
from symmetry constraints coming from the underlying theory.
1.3 Renormalizability and Eﬀective Theories
Usually it is claimed that a quantum ﬁeld theory should be renormalizable in order
to be able to perform radiative corrections to the tree level result, i.e. that the
lagrangian should contain only terms with dimension ≤ D, with D the dimension of
the space-time. Otherwise one needs an inﬁnite number of counterterms, hence an
inﬁnite number of unknown parameters, so that the theory has no predictive power.
However, an eﬀective ﬁeld theory lagrangian contains already an inﬁnite number
of terms. The lagrangian can be organized by taking into account their dimension,
Leﬀ = L≤D + LD+1 + LD+2 + . . . , (1.8)
where L≤D contain all terms with dimension ≤ D, LD+1 contains terms with dimen-
sion D + 1, and so on. The usual renormalizable lagrangian is just the ﬁrst term,
L≤D. Although there are an inﬁnite number of terms in Leﬀ , the predictive power
has not disappeared while one works at a given precision. As operators with higher







where Dmaxi is the considered highest dimension. Accordingly, once a given precision
is decided, the number of operators and thus couplings needed is ﬁnite. In other
words, a non-renormalizable theory is just as good as a renormalizable theory for
computations, provided one is satisﬁed with a ﬁnite accuracy.
With only the ﬁrst term of Eq. (1.8) the eﬀective lagrangian turns out to be a
classical ‘renormalizable’ theory. In fact, the Standard Model is an eﬀective theory
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in which only the ﬁrst piece of the expansion is considered. It is supposed to exist
a more general theory where, either with the degrees of freedom already present
in the usual framework or with completely new ones, there are heavier modes. In
consequence it is not surprising to ﬁnd corrections to the Standard Model, conse-
quence of these new modes, i.e. New Physics or Physics Beyond the Standard Model
come simply from higher scales. There are two ways to know these new scales, either
experiments at very high energies or improving the precision at the present energies.
1.4 The Decoupling Theorem
Intuitively, decoupling means that low-energy physics is “blind” to high-energy
physics. Assuming a theory with light particles and a heavy particle of mass M , one
can demonstrate that, under given conditions, the eﬀects of the heavy particle in the
low-energy dynamics only appears through corrections proportional to a negative
power of M or through renormalization. The Appelquist-Carazonne theorem is the
rigorous formulation of this phenomenon [3].
Let us consider a theory with a light ﬁeld φ and a heavy ﬁeld Φ with masses
m and M respectively. Γn(g,m,M, µ; k1, . . . , kn) is the vertex of n light particles
with momenta ki, which is derived from the classical action S[φ,Φ], where g denotes
the diﬀerent couplings and µ is the renormalization scale. If now we consider the
action S˜[φ], which is obtained from S[φ,Φ] by omitting the terms with heavy ﬁelds
and replacing the original light particle mass and couplings by new parameters m˜
and g˜, the vertex of n light particles can be considered again, Γ˜n(g˜, m˜, µ; k1, . . . , kn).
Supposing some mass independent renormalization scheme, the theorem proves that
Γn(g,m,M, µ; k1, . . . , kn) = Z
n/2 Γ˜(n)(g˜, m˜, µ; k1, . . . , kn) + O( 1
M
) , (1.10)
where the new couplings, mass and scale of ﬁelds, g˜(g,M, µ), m˜(g,m,M, µ) and
Z(g,M, µ), depend now on the heavy scale; obviously the form of these functions
depend on the renormalization scheme.
As it has been indicated before, there are some conditions in order to be able to
grant the validity of the theorem: the underlying theory has to be renormalizable,
it should not have spontaneous symmetry breaking nor chiral fermions.
1.5 Matching
It is known that the eﬀects of a heavy particle in the low-energy theory are present
through higher-dimension operators, i.e. non-renormalizable ones which are sup-
pressed by inverse powers of the heavy particle mass. The same physical predictions
in the full and eﬀective theories should be expected around the heavy-threshold re-
gion. Thus, both descriptions are related through a matching condition: the two
theories (with and without the heavy ﬁeld) should give rise to the same S matrix
elements for processes involving light particles.
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It is important to stress that while the matching conditions have not been taken
into account, one is not dealing really with the eﬀective ﬁeld theory, that is, the
matching procedure is a fundamental step to develop eﬀective approaches.
Quantum Chromodynamics (QCD) is an appropriate way to understand this
process. Considering the QCD lagrangian with nf − 1 light quark ﬂavors plus one
heavy quark of mass M , one assumes that at µ < M one can integrate out the
heavy quark. Accepting the decoupling, the resulting eﬀective ﬁeld theory consists
of the original pieces without the heavy quark plus a tower of higher-dimensional
operators suppressed by powers of 1/M . The matching conditions will relate this
eﬀective ﬁeld theory to the original QCD lagrangian with nf ﬂavors:






At low energies these extra operators are usually neglected, being reduced the ef-
fective lagrangian to the normal QCD lagrangian with nf − 1 quark ﬂavors. As
it has been explained before, the two QCD theories have diﬀerent renormalization



























Since the QCD running coupling is not a physical observable, there can be diﬀerent
parameters and there is no reason why they should be the same at the matching
point. The physical observables are those which should be equal at the matching
point: they would be the same independently from the eﬀective ﬁeld theory at hand.
In fact these matching conditions require a discontinuous coupling like Eq. (1.12)
1.6 Chiral Perturbation Theory
1.6.1 The QCD Lagrangian and the Running of αs
With the present overwhelming experimental and theoretical evidence it is known
that the SU(3)C gauge theory correctly describes the hadronic world [4]. Later
we are going to be interested in QCD at energies between the ρ mass and 2 GeV,
therefore we will start by studying the behaviour of the strong interaction at low
energies. QCD describes the strong interaction between quarks and gluons through
a non-Abelian SU(NC) gauge theory, with NC = 3. The lagrangian reads




a + LFP + LGF ,





ν − ∂νGaµ + gsfabcGbµGcν , (1.13)
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where a = 1, . . . , N2C−1 = 8, Gaµ are the gluon ﬁelds and gs is the strong interaction
coupling constant. The quark ﬁeld q represents a column vector in both color and
ﬂavor spaces,M is the quark mass matrix in ﬂavor space. The λa are the Gell-Mann
matrices, so that λa/2 are the SU(3)C generators in the fundamental representation
and fabc are the structure constants. The Faddeev-Popov term LFP includes the
lagrangian for the ghost ﬁelds and LGF refers to the gauge-ﬁxing term.
Before working perturbatively at low or high energies, one has to explore the
running of the gs strong coupling, in order to conﬁrm if it is possible to consider the
coupling as a small quantity. That is, one has to renormalize the theory and, in the
case of using dimensional regularization, study the dependence in gs on the scale µ.










so that, at least at this order, βQCD is negative for nf ≤ 16, with nf the number of
ﬂavors. Eq. (1.14) implies that the renormalized coupling constant varies with the
scale, which is usually called the “running” of the coupling constant. Integrating




(11NC − 2nf) log(q2/Λ2QCD)
, (1.15)
where αs ≡ g2s/4π. Written in this form, the evolution of the coupling with the
scale only depends on a single parameter ΛQCD, which is known as the QCD scale
and is deﬁned in terms of of µ and αs(µ
2) through
log(Λ2QCD) = log µ
2 − 12π
αs(µ2)(33− 2nf) . (1.16)
Eq. (1.14) allows to check the asymptotic freedom of QCD, i.e. its running
coupling decreases at high energies, in contrast to the case of QED. If in QED the
fact that the coupling constant decreases at long distances is interpreted as the result
of the charge screening due to the presence of electron-positron virtual pairs, one
thinks of an anti-screening eﬀect in QCD, which is due to the non-Abelian nature
of the gluonic interactions.
Although Eq. (1.14) is only valid in the region where αs is small, since it has been
obtained by a perturbative calculation at one-loop level, one expects an increase at
low energies, which leads to the conﬁnement of QCD: the asymptotic states of QCD
cannot be anymore the free quarks at this regime of energies. The phenomenology
supports this idea: the conﬁnement of quarks and gluons inside hadrons can be
supposed.
As a consequence we are not able to work perturbatively at low energies by
using the QCD lagrangian of Eq. (1.13). An eﬀective ﬁeld theory approach at long
distances turns out to be the appropriate framework.
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1.6.2 Chiral Symmetry
In the absence of quark masses, the QCD lagrangian of Eq. (1.13) turns out to be





a + LFP + LGF , (1.17)
where the ‘0’ index refers to the massless case and the quark ﬁelds have been split
into their chiral components. This lagrangian is invariant under independent global
G ≡ SU(nf )L ⊗ SU(nf )R transformations of the left- and right-handed quarks in
ﬂavor space.
Global symmetries have an inﬂuence into the spectrum, whereas local ones de-
termine the interaction. Consistently, the global chiral symmetry, which should be
approximately good in the light quark sector (nf = 3), should have implications in
hadronic spectroscopy. Notwithstanding, it does not mean that it necessarily must
be observed in the spectrum, since symmetries have always two possible realizations:
either they are manifest, giving rise to a classiﬁcation within the spectrum, or they
are driven by a spontaneous symmetry breaking, with the resulting generation of
the Goldstone bosons, according to Goldstone’s theorem [5].
Vafa and Witten [6] proved that the lowest energy state has to be necessar-
ily invariant under vector transformations, so that the possible spontaneous chiral
symmetry breaking cannot aﬀect the vectorial part of the chiral group.
Phenomenology is the next step. Although hadrons can be nicely classiﬁed in
SU(3)V representations, degenerate multiplets with opposite parity do not exist.
Moreover, the octet of pseudoscalar mesons happens to be much lighter than all
the other hadronic states. This experimental evidence drives to the spontaneous
SU(3)L ⊗ SU(nf )R symmetry breaking to SU(3)L+R. Since there are n2f − 1 = 8
broken axial generators of the chiral group, there should be eight lightest hadronic
states JP = 0− (π+, π−, π0, η, K+, K−, K0 and K
0
). Their small masses are gener-
ated by the quark-mass matrix, which explicitly breaks the global chiral symmetry.
Taking into account this small explicit breaking, we will refer to the pion multiplet
as the pseudo-Goldstone bosons.
1.6.3 The Eﬀective Chiral Lagrangian
The general formalism to build eﬀective lagrangians with spontaneous symmetry
breaking was proposed by Callan, Coleman, Wess and Zumino [7], who gave a suit-
able way to parametrize the Goldstone bosons. In the case of QCD at very low
energies, it is possible to use these ideas to construct an eﬀective lagrangian to de-
scribe the interaction among the pseudo-Goldstone bosons, the lightest pseudoscalar
multiplet. Since there is a mass gap separating the pseudoscalar octet from the rest
of the hadronic spectrum, one can imagine an eﬀective ﬁeld theory containing only
these modes.
Thus, the basic assumption is the spontaneous chiral symmetry breaking,
G ≡ SU(3)L ⊗ SU(3)R −→ H ≡ SU(3)V . (1.18)
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Denoting by φa (a = 1, . . . , n2f − 1 = 8) the coordinates describing the pseudo-
Goldstone ﬁelds in the coset space G/H , a coset representative uR,L(φ) is chosen.
The change of coordinates, carrying the pseudo-Goldstone modes, under a chiral
transformation g ≡ (gL, gR) ∈ G is ruled by
uL(φ)
G−−→ gL uL(φ) h(g, φ)† ,
uR(φ)
G−−→ gR uR(φ) h(g, φ)† , (1.19)
where h(g, φ) ∈ H . We can take the choice of a coset representative such that
uR(φ) = u
†
L(φ) ≡ u(φ), whose explicit form in the Callan, Coleman, Wess and
































where the normalization of the Gell-Mann matrices is given by 〈λiλj〉 = 2δij.
Once the coset space is parameterized, the low-energy eﬀective lagrangian re-
alization of QCD for the light quark sector can be obtained, the so-called Chiral
Perturbation Theory (χPT) [8, 9, 10]. One should write the most general lagrangian
involving the matrix u(φ), which is consistent with QCD and its chiral symmetry.
It is obvious that this eﬀective approach will be useful until the resonance region,
E Mρ, since then new degrees of freedom arise.
χPT is worked out as a perturbative expansion in the momenta and masses of
the pseudo-Goldstone bosons and it has proved to be a rigorous and fruitful scheme.
Thus, the lagrangian can be organized in terms of increasing powers of momentum





where the subindex, 2n, indicates the number of derivatives. Notice that parity con-
servation requires an even number of these and there is no term without derivatives,
since uu† = 1.
As in any quantum ﬁeld theory, quantum loops with internal lines must be
explored. Taking into account the lagrangian expansion of Eq. (1.22) and assuming
an arbitrary Feynman diagram with Nd vertices of O(pd)1 and L loops, it is easy to
check that the chiral dimension of an amplitude is given by [8]
D = 2 + 2L +
∑
d
Nd(d− 2) . (1.23)
1The chiral order, O(pd), indicates the number of derivatives
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The power suppression of loop diagrams is at the basis of eﬀective ﬁeld theories.
As the chiral lagrangian starts at O(p2), so d ≥ 2, and all terms in Eq. (1.23) are
positive. As a result, only a ﬁnite number of terms in the lagrangian are needed
to work to a ﬁxed chiral order, and the chiral lagrangian acts like a renormalizable
ﬁeld theory. For instance, the leading D = 2 contributions are obtained with L = 0
and Nd>2 = 0, i.e. tree level graphs with LχPT2 . Let us imagine now the calculation
of amplitudes to O(p4), one only has two possibilities in Eq. (1.23), L = 0, N4 = 1
and Nd>4 = 0 or L = 1 and Nd>2 = 0; that is, one only needs to consider tree
level diagrams with one insertion of LχPT4 , or one-loop graphs with the lowest order
lagrangian LχPT2 to compute all scattering amplitudes to O(p4).
It is clear that the chiral expansion in powers of momenta runs over some typical
hadronic scale, the chiral symmetry breaking scale, Λχ. In view of diﬀerent argu-
ments, as the variation of the loop contribution under a rescaling of µ, one has an
estimate of the scale, Λχ ∼ 4πF ∼ 1.2 GeV. Furthermore, one can consider the scale
related to the ﬁrst heavy particles that have been integrated out, the ρ multiplet,
Λ˜χ ∼ Mρ ∼ 0.77 GeV. Notice that Λ˜χ < Λχ, so that loop contributions tend to be
smaller than resonance contributions.
The eﬀective ﬁeld theory technique becomes much more powerful if couplings to
external classical ﬁelds are introduced. Considering an extended QCD lagrangian,
with quark couplings to external currents vµ, aµ, s, p:
LQCD = L0QCD + qγµ (vµ + γ5aµ) q − q (s− iγ5p) q , (1.24)
the external ﬁelds will allow to compute the eﬀective realization of general Green
Functions of quark currents in a very straightforward way. Moreover, they can be
used to incorporate the electromagnetic and semileptonic weak interactions, and the
explicit breaking of chiral symmetry through the quark masses. Taking into account
that the lagrangian of Eq. (1.24) is to be chiral invariant, the external ﬁelds have
the following chiral transformations:
s+ ip→ gR(s+ ip)g†L, µ → gLµg†L + igL∂µg†L, rµ → gRrµg†R + igR∂µg†R, (1.25)
where rµ ≡ vµ + aµ and µ ≡ vµ − aµ have been deﬁned.
A very convenient way to construct the chiral invariant operators needed for the
eﬀective lagrangian is to consider tensors X transforming as
X
G−−→ h(g, φ)X h(g, φ)† , (1.26)
since traces of products of these tensors are chiral invariant. Using the external
ﬁelds and the matrix u(φ) of Eq. (1.20), the following tensors, which observe the
transformations properties of Eq. (1.26), can be constructed:
uµ = i
{
u† (∂µ − irµ)u− u (∂µ − iµ) u†
}
,




† ± u†F µνR u , (1.27)
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Operator P C h.c.
uµ −uµ uTµ uµ
χ± ±χ± χT± ±χ±
fµν± ±fµν± ∓fTµν± fµν ±
Table 1.1: Transformation properties under C, P and hermitian conjugate of the tensors
of Eq. (1.27).
with χ = 2B0(s + ip) and the following tensors have been introduced,
F µνR = ∂
µrν − ∂νrµ − i[rµ, rν ] ,
F µνL = ∂
µν − ∂νµ − i[µ, ν ] . (1.28)
B0 is related to the quark condensate:
〈 0|qiqj |0 〉 = −F 2B0δij . (1.29)
Besides those of Eq. (1.27), one can also construct tensors that follow Eq. (1.26) by
using the covariant derivative,
∇µ X = ∂µX + [Γµ, X] , (1.30)





u† (∂µ − irµ) u+ u (∂µ − iµ) u†
}
, (1.31)
so that if X transforms as Eq. (1.26), also does ∇µX.
As it has been been indicated before, the explicit breaking of chiral symmetry
through quark masses can be added by using the external currents. Taking into
account that the breaking is produced in QCD due to the mass matrix,
M =
⎛⎝ mu 0 00 md 0
0 0 ms
⎞⎠ , (1.32)
the breaking is introduced in χPT with s =M and p = 0 in χ, see Eq. (1.27). Once
the masses have been included, the organization of Eq. (1.22) turns out to be an
expansion in derivatives of the pseudo-Goldstone ﬁelds and in powers of the light
quark masses.
One last remark is convenient in order to understand the construction of the
diﬀerent pieces LχPT2n . Taking into account that the pseudo-Goldstone masses are
introduced trough χ, one assumes that χ± ∼ O(p2), and considering the deﬁnitions
of uµ and f
µν
± in Eq. (1.27), uµ ∼ O(p), fµν± ∼ O(p2).
We only have to construct all the operators consisting of the deﬁned tensors
observing chiral and QCD symmetries. In Table 1.1 the transformation properties
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under parity (P ), charge conjugation (C) and hermitian conjugate of the tensors of
Eq. (1.27) are shown. Employing the organization of Eq. (1.22), one gets that the




〈 uµuµ + χ+ 〉 , (1.33)
where the brackets 〈...〉 denote a trace of the corresponding ﬂavour matrices. Notice
that the coeﬃcient is ﬁxed by considering the canonical form of the kinetic piece.
Taking into account the explicit chiral symmetry breaking proposed before, only
two constants have been introduced in LχPT2 , F and B0, apart from masses. It is
straightforward to check that F is approximately the decay constant of the pion,
F  92.4 MeV and B0 can be related to the hadron masses, once the mass term of
the lagrangian is obtained,
2B0M =
⎛⎝ M2π 0 00 M2π 0
0 0 2M2K −M2π
⎞⎠ . (1.34)
AtO(p4), the most general lagrangian, invariant under parity, charge conjugation
and the local chiral transformations, is given, in SU(3), by [9]
LχPT4 = L1〈 uµuµ 〉2 + L2〈 uµuν 〉〈 uµuν 〉 + L3〈 uµuµuνuν 〉 + L4〈 uµuµ 〉〈χ+ 〉
+L5〈 uµuµχ+ 〉 + L6〈χ+ 〉2 + L7〈χ− 〉2 + L8/2 〈χ2+ + χ2− 〉
− iL9〈 fµν+ uµuν 〉 + L10/4 〈 f+µνfµν+ − f−µνfµν− 〉
+ iL11〈χ−(∇µuµ + i/2χ−) 〉 − L12〈 (∇µuµ + i/2χ−)2 〉
+H1/2 〈 f+µνfµν+ + f−µνfµν− 〉 + H2/4 〈χ2+ − χ2− 〉 , (1.35)
where the terms with L11 and L12 vanish when the equations of motion are used
and the ones with H1 and H2 are only needed for the renormalization. We have not
included here the Wess-Zumino-Witten piece related to the chiral anomaly. In this
thesis we do not deal with the odd-intrinsic parity sector of QCD.
1.6.4 Renormalization
Obviously loops are divergent and need to be renormalized. If a regularization
which preserves the symmetries of the lagrangian is used, such as dimensional regu-
larization, the needed counterterms will respect necessarily these symmetries. Since
Eq. (1.22) contains all possible terms, the divergences can then be absorbed in a
renormalization of the coupling constants of the lagrangian. At next-to-leading
order, the divergences are of O(p4) and are thus renormalized by the low-energy
couplings in Eq. (1.35),
Li = L
r















D − 4 + C
}
, (1.36)
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where D is the space-time dimension and C is the constant that ﬁxes the renormal-
ization scheme; notice that in χPT the modiﬁed minimal subtraction −1 scheme
(MS − 1) is used and one has C = γE − log4π − 1, with γE  0.5772 the Euler’s























, Γ10 = −14 , Γ˜1 = −18 , Γ˜2 = 524 .
The µ dependence in the renormalized couplings Lri (µ) is canceled by that of the
one-loop amplitude in any observable.
Chapter 2
Resonance Chiral Theory
2.1 Improving Phenomenological Lagrangians a` la
Weinberg
Once it is accepted that the study of low-energy hadrodynamics is tampered with
by our present inability to implement non-perturbative Quantum Chromodynamics
fully in those processes, new ways of dealing with QCD at these regimes are required.
As it has been argued in the ﬁrst chapter, Eﬀective Field Theories are one of the
most appealing tool to reach this aim [1, 2]. The success of Chiral Perturbation
Theory describing the low-energy dynamics of QCD turns out to be a good proof of
these ideas [11]. There are other fruitful eﬀective ﬁeld theories of QCD that support
this statement, think for instance in the Heavy Quark Eﬀective Theory [12] for
mesons with one heavy quark or Non-Relativistic Quantum Chromodynamics [13]
in the case of mesons with both heavy quarks.
However, in the region of energies we are interested in, Mρ <∼ E <∼ 2 GeV,
the situation is more involved. Although chiral symmetry still provides stringent
dynamical constraints, the usual χPT power counting breaks down in the presence
of higher energy scales. Moreover, this regime is populated by many resonances and
the absence of a mass gap in the spectrum of states makes diﬃcult to provide a
formal Eﬀective Field Theory approach to implement QCD properly, since it is not
clear which degrees of freedom are being integrated out and, anyhow, from which
energy threshold it would be done the integration of heavy modes. In any case,
many of the main features of Eﬀective Field Theories will be very useful in order to
carry out our procedure.
The main ingredients of our framework are the following:
1. We should start from the phenomenological lagrangians approach proposed
by Weinberg in Ref. [8]. He suggested to construct the most general possible
lagrangian, including all terms consistent with assumed symmetry principles,
expecting that calculations of matrix elements would give the most general
possible S-matrix consistent with analyticity, perturbative unitarity, cluster
decomposition and the symmetry principles. In the case of low-energy QCD,
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one of the highlighted characteristics would be the introduction of the bound
states, i.e. the ordinary hadrons, as the degrees of freedom. Notice that the
choice of the degrees of freedom is a signiﬁcant step in order to construct the
eﬀective lagrangian.
It is important to stress that such general lagrangians, which we will call
phenomenological lagrangians a` la Weinberg, do not have speciﬁc dynamical
content beyond the general principles of analyticity, unitarity, cluster decom-
position, Lorentz invariance and assumed symmetries. This fact allows to use
additional information provided by the strong interaction underlying theory
to improve the description.
2. Large-NC QCD [14, 15] furnishes a practical scenario to work with. The limit
of an inﬁnite number of quark colors turns out to be a very useful instrument to
understand many features of QCD and supplies an alternative power counting
to describe the meson interaction. Assuming conﬁnement, the NC →∞ limit
strongly constraints meson dynamics by asserting that the Green Functions of
the theory are described by the tree diagrams of an eﬀective local lagrangian
with local vertices and meson ﬁelds, higher corrections in 1/NC being yielded
by loops described within the same lagrangian theory. The expansion in 1/NC
gives a good quantitative approximation scheme to the hadronic world [16], as
it will be reviewed in the next section.
3. Additional progress on our phenomenological approach is carried out by using
the short-distance properties of QCD. Most of these asymptotic constraints
come from matching Green Functions of QCD currents evaluated within the
resonance theory with the results obtained in the leading perturbative OPE
expansion. Another source of restrictions arise from form factors.
To summarize, taking into account the diﬃculties of a formal EFT method in the
resonance region, we are going to deal with an eﬀective approach based on the
phenomenological lagrangians’ ideas of Ref. [8]. This approach can be realized by
making use of the 1/NC expansion and the short-distance constraints coming from
QCD. All in all, we have advanced the main keys that underline the Resonance
Chiral Theory (RχT) [17, 18, 19], the suggested framework in this work to handle
Quantum Chromodynamics at intermediate energies, Mρ <∼ E <∼ 2 GeV.
2.2 The 1/NC Expansion
Dealing with QCD at intermediate energies would be handier by using an expansion
parameter. The ordinary strong coupling αs cannot be the solution taking into
account its renormalization group equations. In the region of resonances the usual
chiral counting breaks down. Accordingly, the SU(3) gauge theory with very small
quark bare masses has no obvious free parameter that could be used as an expansion
parameter.



















Figure 2.1: 1/NC order of possible vertices.
’t Hooft suggested that one should generalize QCD from three colours and employ
an SU(NC) gauge group [14]. The hope is that it may be possible to solve the theory
in the large-NC limit, and that the physical NC = 3 case may be qualitatively and
quantitatively close to the large-NC limit.
Although one might think that letting NC → ∞ would make the analysis more
complicated because of the larger gauge group and consequent increase in the number
of dynamical degrees of freedom, QCD simpliﬁes as NC becomes large, and there
exists a systematic expansion in powers of 1/NC.
Choosing the coupling constant gs to be of O(1/
√
NC), i.e. taking the large-NC
limit with αsNC ﬁxed, the main results are the following:
1. At NC → ∞ the mesons and glue states are free, stable and non-interacting.
Meson masses have smooth limits and the number of meson states is inﬁnite.
2. Meson decay amplitudes are ofO(1/√NC), and meson-meson elastic scattering
amplitudes are of O(1/NC). These amplitudes follow the pattern of Figure 2.1.
3. At leading order in the 1/NC expansion, meson dynamics is ruled by a sum
of tree diagrams involving the exchange, not of quarks and gluons, but of
inﬁnite physical mesons. More generally, meson physics in the large-NC limit
is described by the tree diagrams of an eﬀective local lagrangian, with local
vertices and local meson ﬁelds. This fact invites us quickly to think about the
proper approach of the phenomenological lagrangians a` la Weinberg, proposed
in the last section as the suitable tool for QCD at Mρ <∼ E <∼ 2 GeV.
4. Zweig’s rule is exact in the large-NC limit, that is, mesons should be classiﬁed
as nonets. The axial anomaly has disappeared and ﬂavour U(nf )L ⊗ U(nf )R
has been restored.
5. Mesons are pure qq states, that is, one ﬁnds a suppression of the qq sea at
NC →∞.
6. In the limit of large number of colours, under reasonable assumptions, U(nf )R⊗
U(nf )L symmetry must spontaneously break down to U(nf )V [20].
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The preceding comments can be read in two ways. One may say that one has used
the 1/NC expansion to explain certain qualitative facts about the strong interactions.
The other possibility is to say that one may use certain qualitative facts about the
strong interactions as diagnostic tests showing that large-NC QCD is probably a
good approximation to Nature [15]. Keep in mind that asserting whether the 1/NC
expansion is likely to be a good approximation to Nature is a very important matter
from a theoretical point of view and very useful for our work, since this expansion
can be used in order to justify and improve our eﬀective approach in the resonance
region.
Notice that we have only considered the leading order terms in the 1/NC expan-
sion. It is likewise possible to show, by considering unitarity plus the diagrammatic
counting rules in large-NC QCD, that the higher order corrections are sums of loop
diagrams of hadrons together with subleading tree-level contributions. Just as in
any theory one understands the tree approximations before trying to consider loop
diagrams. In fact, the main aim of this work is to make a ﬁrst step towards the
knowledge of the Resonance Chiral Theory at next-to-leading order in the 1/NC
expansion, once the tree level contributions are under control.
On the other hand, the idea of the 1/NC expansion is sometimes questioned on
the grounds that 1/NC = 1/3 is not very small. One cannot really know, theoreti-
cally, how large-NC must be for the expansion to be a good approximation except
by calculating the coeﬃcients of some of the terms that are suppressed by pow-
ers of 1/NC . In other words, the goodness of the expansion depend on the size of
the coeﬃcients of the expansion. The best that one can do then is to appeal to
phenomenology. As it has been reviewed, there are signiﬁcant phenomenological
reasons to think that 1/NC = 1/3 is small enough for the 1/NC expansion to be a
good approximation in QCD. In fact, it is interesting to remember why perturba-
tion theory is successful in QED. It is not enough to say that the electric charge is
small. Actually, normalized in the usual way the electric charge is approximately
e = 0.302. Perturbation theory is a good approximation in QED because when one
carries out perturbative expansion, one ﬁnds that the typical expansion parameter
is really α = e2/4π. If we had not yet learned how to do perturbative calculations,
as in the QCD case, one would have been unable to judge, just from the value of
e, whether this expansion would be a good approximation. If, for instance, as it
is perfectly possible, the characteristic parameter in the 1/NC expansion would be
1/4πNC, the next-to-leading corrections would be as tiny as electromagnetic correc-
tions. Although this is only an extreme possibility, we want to justify that there is
no reason to reject the 1/NC expansion taking into account the value of NC , above
all considering that phenomenology seems to support the expansion [15].
2.2.1 The 1/NC Expansion in Chiral Perturbation Theory
Let us come back to the very low-energy EFT of QCD, Chiral Perturbation Theory,
in order to show how this new tool we have introduced in this section, the 1/NC
expansion, turns out to be a useful source of dynamical information [21, 22], in the
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i Lri (Mρ) O(NC) source
2L1 − L2 −0.6± 0.6 O(1) Ke4, ππ → ππ
L2 1.4± 0.3 O(NC) Ke4, ππ → ππ
L3 −3.5± 1.1 O(NC) Ke4, ππ → ππ
L4 −0.3± 0.5 O(1) Zweig rule
L5 1.4± 0.5 O(NC) FK : Fπ
L6 −0.2± 0.3 O(1) Zweig rule
L7 −0.4± 0.2 O(1) GMO, L5, L8
L8 0.9± 0.3 O(NC) Mφ, L5
L9 6.9± 0.7 O(NC) 〈 r2 〉πV
L10 −5.5± 0.7 O(NC) π → eνγ
Table 2.1: Phenomenological values of the couplings Lri (Mρ) in units of 10
−3. The fourth
column shows the source used to get this information .
sense that it comes directly from QCD. Keep in mind that in the large-NC limit the
ﬂavour U(nf )L ⊗ U(nf )R has been restored.
Although formally the χPT lagrangian of Eq. (1.22) could be computed from the
QCD generating functional, one does not know how to calculate the values of the
couplings from QCD because of its non-perturbative nature at low energies. Since
it can be proved that the corresponding correlation functions of fermion bilinears
are of O(NC), the leading-order terms in 1/NC should be of O(NC). Moreover, they
should have a single ﬂavour trace, as terms with a single trace are of O(NC), while
the occurrence of each additional trace reduces the order of the term by unity [23].
The leading lagrangian of Eq. (1.33) obeys the correct NC counting rules: the
diﬀerent ﬁelds, the masses and momenta are all of them of O(1), whereas F ∼
O(√NC). The u(φ) matrix, deﬁned in Eq. (1.20), generates an expansion in powers
of φ/F , giving the required 1/
√
NC suppression for each additional meson ﬁeld (see
Figure 2.1). Clearly, interaction vertices with n mesons scale as Vn ∼ F 2−n ∼
O(N1−n/2C ). Since LχPT2 has an overall factor of NC and u(φ) is NC-independent,
the 1/NC expansion is equivalent to a semiclassical expansion. Quantum corrections
computed with the chiral lagrangian will have a 1/NC suppression for each loop.
More information from large-NC QCD can be obtained in the case of LχPT4 ,
shown in Eq. (1.35). As it has been explained in Section 1.6.3, only ten additional
couplings Li (i = 1, . . . , 10) are required to determine the low-energy behaviour of
the Green Functions at O(p4). Large-NC QCD claims that terms with a single trace
are of O(NC), while those with two traces should be of O(1). Therefore one would
say that L3, L5, L8, L9 and L10 are of O(NC), while L4, L6, and L7 are of O(1).
The case of L1 and L2 should be analyzed taking into account the following relation:
〈 uµuνuµuν 〉 = −2〈 uµuµuνuν 〉 + 1
2
〈 uµuµ 〉〈 uνuν 〉 + 〈 uµuν 〉〈 uµuν 〉 . (2.1)
This new operator could have been added in LχPT4 , but it is dependent on the terms
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with couplings L1, L2 and L3. Therefore, the symmetries allow a new operator of
O(NC) and once one does not include it, one could consider an additional contri-
bution to the couplings L1, L2 and L3, with the result 2δL1 = δL2 = −1/2δL3 ∼
O(NC). In other words, L1 and L2 are really of O(NC), keeping 2L1−L2 of O(1). As
shown in Table 2.1, the phenomenologically determined values of those couplings [11]
follow the pattern suggested by the 1/NC counting rules.
2.3 The Lagrangian of Resonance Chiral Theory
2.3.1 Introduction
We want to deal with QCD in the resonance region, Mρ <∼ E <∼ 2 GeV, by following
the phenomenological lagrangians a` la Weinberg, which will be ruled by the 1/NC
expansion. One has to consider the most general lagrangian, that is, including all
terms consistent with assumed symmetry principles, and considering the ordinary
hadrons as degrees of freedom. The program to construct the lagrangian involves
several tasks:
1. In order to be able to recover at very low energies the results of χPT, to
consider chiral symmetry seems to be the best choice. On account of large-
NC , the mesons are put together into U(3) multiplets and only operators that
have one trace in the ﬂavour space are considered [21, 23].
2. It is a well known fact that, in order to make any eﬀective description meaning-
ful, one needs to properly match the underlying theory (QCD in this case). No-
tice that the QCD asymptotic behaviour sets in already at energies E ∼ 2 GeV.
Then RχT should recover the short-distance behaviour of QCD. This require-
ment excludes interactions with large number of derivatives, since they tend
to violate the QCD ruled asymptotic behaviour of Green Functions or form
factors, explaining the phenomenological success of the usual approximations,
where only operators constructed with chiral tensors up to O(p2) are kept1.
Furthermore, this matching provides several relations between the couplings
in the lagrangian, reducing the number of unknown parameters. These con-
straints will be analyzed in Section 2.4.
3. Although large-NC QCD is a robust instrument to realize QCD at intermediate
energies, some approximations are needed to construct the eﬀective lagrangian.
As the number of meson states is inﬁnite at large-NC , the most common one is
the cut in the number of resonances, only considering the lightest states. This
is known to be a good approximation since contributions from higher states
are suppressed by their masses. Phenomenology supports this approximation.
1The eﬀective terms will be constructed with resonance ﬁelds and tensors which introduce the
pseudo-Goldstone bosons and the sources, already introduced in Eqs. (1.27) and (1.30). We will
denote as ‘chiral tensors’ this second group. Accordingly, the operators of the lagrangian will be
built by resonances and chiral tensors.
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In Ref. [17] only contributions from the lightest resonances with non-exotic
quantum numbers were taken into account, the so-called Single Resonance
Approximation. Our analysis is also carried under this approximation.
Since there is an inﬁnite number of Green Functions, it is obviously not possi-
ble to satisfy all matching conditions with a ﬁnite number of resonances and
uncertainties due to truncation of the spectrum are introduced in the deter-
mination of the parameters. Eventually, one may be driven to inconsistencies
in the eﬀective parameter relations. The Minimal Hadronic Approximation
(MHA) generalises the Single Resonance Approximation so the eﬀective de-
scription includes the minimal number of resonances that allows fulﬁlling the
QCD short-distance constraints in the considered amplitude [24]. Although
MHA is an approximation of full large-NC QCD, it is well supported by the
phenomenology of Green Functions that are order-parameter of the chiral sym-
metry. Deviations from the NC → ∞ limit are properly understood in some
situations [24, 25].
4. It has been shown [18] that LχPT4 is largely saturated2 by the resonance ex-
change generated by the linear terms in the resonance ﬁeld, as it will be
explained in Section 2.5. Hence, the explicit introduction of the operators
constructed with no resonances and chiral tensors of O(p4) would amount to
include an overlap between both contributions. An analogous analysis atO(p6)
has not been systematically performed but it also looks a reasonable assump-
tion. Thus our theory stands for a complete resonance saturation of the χPT
lagrangian; in other words, we are assuming that the low-energy couplings of
LχPTn (n ≥ 4) are completely determined by the resonance contributions, so
one does not have to include these operators when the resonance ﬁelds are
active degrees of freedom.
5. Besides the kinetic pieces, only linear couplings in the resonance ﬁelds were
included in Ref. [17], since the aim of the article was to get the leading res-
onance contributions to the low-energy constants (LEC’s) of the O(p4) χPT
lagrangian3, see Eq. (1.35). In the next chapter the study of one observable to
next-to-leading order in the 1/NC expansion will show that in order to perform
the matching with QCD operators constructed with more than one resonance
will be needed [26].
Following the path of Ref. [17], the leading resonance contributions to some
O(p6) χPT LEC’s have been studied, by considering diﬀerent three-point func-
2This is much more clear in the case of vector and axial-vector resonances as their phenomenol-
ogy is better known.
3Solving the resonance equations of motion in an expansion in the resonance masses, the reso-
nance ﬁelds are expressed as a series of chiral operators times inverse powers of the masses, with
chiral tensors starting at O(p2) [19]. Therefore, the only possible leading resonance contributions
to the LEC’s of LχPT4 come from operators constructed with one resonance ﬁeld and one chiral
tensor of O(p2) in the chiral counting.
38 Resonance Chiral Theory
tions [27]. A more systematic and complete approach to this issue can be found
in Ref. [19].
Notice that in contrast to many models of the resonance ﬁelds that have been widely
employed in the literature, RχT only uses basic QCD symmetry features without
any additional ad hoc assumptions. Its model aspect only comes from the fact that
we do not include an inﬁnite spectrum in the theory, which is one of the features of
the NC →∞ limit of QCD.
2.3.2 Constructing the Lagrangian
As it has been pointed out above, the study is taken under the Single Resonance
Approximation, where just the lightest resonances with non-exotic quantum num-
bers are considered. Taking into account the results at large-NC , the mesons are
put together into U(3) multiplets. Hence, our degrees of freedom are the pseudo-
Goldstone boson (the lightest pseudoscalar mesons) along with massive multiplets
of the type V (1−−), A(1++), S(0++) and P (0−+). With them, one constructs the
most general eﬀective action that preserves chiral symmetry invariance and QCD
symmetries.
Following the procedure presented in Section 1.6.3 to construct the χPT la-
grangian, one considers tensors X transforming as
X
G−−→ h(g, φ)X h(g, φ)† , (2.2)
where now G ≡ U(3)L ⊗ U(3)R. The tensors that introduce the pseudo-Goldstone
bosons and the sources were already introduced in Eqs. (1.27) and (1.30), which
follow the transformation properties under parity (P ), charge conjugation (C) and
hermitian conjugate (h.c.) of Table 1.1. Notice that the expression of φ in Eq. (1.21)



























































where, as it is explained in Appendix A, the antisymmetric formalism is used for spin-
1 ﬁelds. The multiplets of the type A(1++), S(0++) and P (0−+) are parametrized
in an analogous way to Eq. (2.4). The transformation properties under P , C and
hermitian conjugate of the resonance ﬁelds are shown in Table 2.2.
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Operator P C h.c.
Vµν V
µν −V Tµν Vµν
Aµν −Aµν ATµν Aµν
S S ST S
P −P P T P
Table 2.2: Transformation properties under P , C and hermitian conjugate of the reso-
nance ﬁelds.
One should now consider the most general lagrangian that preserves chiral sym-
metry invariance and QCD symmetries, observing the former remarks, i.e. con-
structed with chiral tensors up to O(p2) in the chiral counting and under the Single
Resonance Approximation.
In the large-NC approach, there is no limit to the number of resonances that one
may include in the eﬀective operators. One can classify the terms in the lagrangian
according to the number of resonances,









LR1R2R3 + ... , (2.5)
where the dots denote operators with four or more resonance ﬁelds, and the indexes
Ri run over all the diﬀerent resonance ﬁelds, V , A, S and P . However, for the
purpose of this work, only operators up to three resonance ﬁelds are taken into
account.
L(2)pGB keeps the O(p2) terms without resonances, i.e. the lagrangian of Eq. (1.33),
L(2)pGB = LχPT2 =
F 2
4
〈 uµuµ + χ+ 〉 . (2.6)
It is important to distinguish between LχPT and LpGB: although both have the
same structure and operators, LpGB diﬀers from LχPT in the value of the couplings
as LpGB belongs to the theory where the resonances are active degrees of freedom.
Furthermore, notice that, as mentioned above, once a complete resonance saturation
of the χPT lagrangian is supposed, no pieces of L(4)pGB or higher are added.
















〈Aµνfµν− 〉 , (2.8)
LS = cd〈Suµuµ 〉 + cm〈Sχ+ 〉 , (2.9)
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LP = i dm〈Pχ− 〉 . (2.10)
The LR1R2 contain the kinetic terms and the remaining operators with two resonance
ﬁelds [17, 19],
L kinR = 1
2
〈∇µR∇µR − M2RR2 〉 , (R = S, P ) (2.11)





µν 〉 , (R = V,A) (2.12)
LRR = λRR1 〈RRuµuµ 〉+ λRR2 〈RuµRuµ 〉+ λRR3 〈RRχ+ 〉 , (R = S, P ) (2.13)
LSP = λSP1 〈 uα{∇αS, P} 〉+ iλSP2 〈 {S, P}χ− 〉 , (2.14)
LSV = iλSV1 〈 {S, Vµν}uµuν 〉 + iλSV2 〈SuµV µνuν 〉 + λSV3 〈 {S, Vµν}fµν+ 〉 , (2.15)
LSA = λSA1 〈 {∇µS,Aµν}uν 〉 + λSA2 〈 {S,Aµν}fµν− 〉 , (2.16)
LPV = iλPV1 〈 [∇µP, Vµν ]uν 〉 + iλPV2 〈 [P, Vµν ]fµν− 〉 , (2.17)
LPA = iλPA1 〈 [P,Aµν ]fµν+ 〉 + λPA2 〈 [P,Aµν]uµuν 〉 , (2.18)
LV A = λV A1 〈 [V µν , Aµν ]χ− 〉 + iλV A2 〈 [V µν , Aνα]hαµ 〉 + iλV A3 〈 [∇µVµν , Aνα]uα 〉
+ iλV A4 〈 [∇αVµν , Aαν ]uµ 〉 + iλV A5 〈 [∇αVµν , Aµν ]uα 〉
+ iλV A6 〈 [Vµν , Aµα]fαν− 〉 , (2.19)
LRR = λRR1 〈RµνRµνuαuα 〉 + λRR2 〈RµνuαRµνuα 〉 + λRR3 〈RµαRναuµuν 〉





+ λRR6 〈RµνRµνχ+ 〉 + iλRR7 〈RµαRανfµν+ 〉 . (R = V,A) (2.20)
In the case of three resonance operators, only terms consisting of resonance ﬁelds and
the covariant derivative ∇µ are studied, since they are the only ones that contribute
to two-body form factors at tree level, see Chapter 4:
∆LSRR = λSRR0 〈SRR 〉 + λSRR1 〈S∇µR∇µR 〉 , (R = S, P ) (2.21)
∆LSRR = λSRR0 〈SRµνRµν 〉 + λSRR1 〈S∇µRµα∇νRνα 〉 + λSRR2 〈S∇νRµα∇µRνα 〉
+ λSRR3 〈S∇αRµν ∇αRµν 〉 + λSRR4 〈S{Rµν ,∇2Rµν 〉
+ λSRR5 〈S{Rµα,∇µ∇νRνα} 〉 , (R = V,A) (2.22)
∆LSPA = λSPA〈Aµν{∇µS,∇νP} 〉 , (2.23)
2.3 The Lagrangian of Resonance Chiral Theory 41
∆LPV A = iλPV A0 〈P [Vµν, Aµν ] 〉 + iλPV A1 〈P [∇µV µα,∇νAνα] 〉
+ iλPV A2 〈P [∇νV µα,∇µAνα] 〉 + iλPV A3 〈P [∇αV µν ,∇αAµν ] 〉
+ iλPV A4 〈P [V µν ,∇2Aµν ] 〉+ iλPV A5 〈P [V µα,∇µ∇νAνα] 〉
+ iλPV A6 〈P [∇ν∇µV µα, Aνα] 〉 , (2.24)
∆LV RR = i λV RR〈 V µν∇µR∇νR 〉 , (R = S, P ) (2.25)
∆LV V V = i λV V V0 〈 V µνVµαV αν 〉 + i λV V V1 〈 V µν [∇µVαβ,∇νV αβ] 〉
+ i λV V V2 〈 V µν [∇βVµα,∇βV αν ] 〉+ i λV V V3 〈 V µν [∇µVβα,∇αV βν ] 〉
+ i λV V V4 〈 V µν [∇µVνα,∇βV αβ ] 〉+ i λV V V5 〈 V µν [∇αVµν ,∇βVαβ] 〉
+ i λV V V6 〈 V µν [∇αVµα,∇βVνβ] 〉+ i λV V V7 〈 V µν [∇αVµβ,∇βVνα] 〉 , (2.26)
∆LV AA = i λV AA0 〈 V µνAµαA αν 〉 + i λV AA1 〈 V µν [∇µAαβ ,∇νAαβ] 〉
+ i λV AA2 〈 V µν [∇βAµα,∇βAαν ] 〉+ i λV AA3 〈∇βV µν [Aµα,∇βAαν ] 〉
+ i λV AA4 〈 V µν [∇µAβα,∇αAβν ] 〉+ i λV AA5 〈∇µV µν [Aβα,∇αAβν ] 〉
+ i λV AA6 〈∇αV µν [∇µAβα, Aβν ] 〉+ i λV AA7 〈 V µν [∇µAνα,∇βAαβ ] 〉
+ i λV AA8 〈∇µV µν [Aνα,∇βAαβ ] 〉+ i λV AA9 〈∇βV µν [∇µAνα, Aαβ] 〉
+ i λV AA10 〈 V µν [∇αAµν ,∇βAαβ ] 〉+ i λV AA11 〈 V µν [∇αAµα,∇βAνβ] 〉
+ i λV AA12 〈∇αV µν [Aµα,∇βAνβ ] 〉+ i λV AA13 〈 V µν [∇αAµβ,∇βAνα] 〉
+ i λV AA14 〈∇αV µν [Aµβ ,∇βAνα] 〉 . (2.27)
All coupling constants are real, MR are the corresponding masses of the resonances,
the brackets 〈...〉 denote a trace of the corresponding ﬂavour matrices, and the
notation deﬁned in Ref. [17, 19] is followed.
Keep in mind that as our lagrangian LRχT satisﬁes the NC counting rules for
an eﬀective theory with U(3) multiplets, only operators that have one trace in the
ﬂavour space are considered [21, 23]. The diﬀerent ﬁelds, masses and momenta
are of O(1) in the 1/NC expansion. Taking into account the interaction terms
(see Figure 2.1), one is able to check that F, FV , GV , FA, cd, cm and dm are of
O(√NC); λR1R2i of O(1) and λR1R2R3i of O(1/
√
NC). The mass dimension of these
parameters is [F ] = [FV ] = [GV ] = [FA] = [cd] = [cm] = [dm] = E, [λ
R1R2
i ] = E
0 and
[λR1R2R3i ] = E
−1.
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Note that the equations of motion have been used in order to reduce the number
of operators. For instance, terms like 〈P ∇µuµ〉 are not present in Eq. (2.10), since
using the equations of motion we would generate operators that, either have been
already considered, or contain a higher number of resonance ﬁelds.
2.4 Matching with QCD
As previously pointed out, a basic ingredient in order to take a step forward in the
construction of Resonance Chiral Theory is to consider the short-distance constraints
from QCD, i.e. the matching procedure between RχT and the full theory. Actually,
without examining the high-energy properties of the underlying strong dynamics
there are too many unknown parameters in our eﬀective approach. Take note of the
signiﬁcance of the number of parameters for the predictive power of the lagrangian.
Most of the short-distance constraints used in the literature come from consider-
ing the Green Functions of QCD currents obtained in the leading OPE expansion.
The other source of information is to consider the Brodsky-Lepage behaviour of the
form factors [28], that is, to demand that two-body form factors of hadronic cur-
rents vanish at high energies. This behaviour has been experimentally observed for
pseudo-Goldstone bosons and photons. The doubt appears when one is considering
form factors that involve resonances as asymptotic states. One of the motivations
of this work is to clarify this question, relating the two-body form factors with the
two-point Green Functions at next-to-leading order in the 1/NC expansion [29, 30].
See Chapter 4 for more information.
Another remark is needed before studying the constraints. Obviously these rela-
tions depend on the considered lagrangian. Owing to historical reasons, we start by
studying the case in which only the LR of Eq. (2.5) together with the kinetic pieces
to describe the resonance interactions are included. These are the only required op-
erators to determine the leading resonance contributions to the couplings constants
of the O(p4) χPT lagrangian. The strong constraints are the following [22]:
1. Vector form factor. At leading order in the 1/NC expansion, the two pseudo-
Goldstone boson matrix element of the vector current reads,






Accepting that the vector form factor should vanish at inﬁnite momentum
transfer, the resonance couplings should satisfy
FV GV = F
2 . (2.29)
2. Axial form factor. The matrix element of the axial current between one pseudo-
Goldstone and one photon is parameterized by the axial form factor. From





2FV GV − F 2V
M2V
, (2.30)
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which vanishes at q2 →∞ provided that
2FV GV − F 2V = 0 . (2.31)
3. Weinberg sum rules. The two-point function built from a left-handed and a














In the chiral limit it vanishes faster than 1/q4 at large energies [31]. This
implies the conditions [32]:
F 2V − F 2A = F 2 , M2V F 2V −M2AF 2A = 0 . (2.33)
4. Scalar form factor. The two pseudo-Goldstone bosons matrix element of the
scalar quark current contains another dynamical form factor, which for the
Kπ case takes the form [33]:












Requiring F sKπ(q2) to vanish at q2 →∞, one ﬁnds that [33]:
4cdcm = F
2 , cm − cd = 0 . (2.35)
5. SS − PP sum rules. The diﬀerence of the two-point correlation functions of
















For massless quarks, Π
S−P vanishes as 1/q
4 at large energies, with a small





= F 2 , c2mM
2
S − d2mM2P  0 . (2.37)
Finally, assuming Eqs. (2.29), (2.31), (2.33), (2.35) and (2.37) one has that




2F , MA =
√
2MV ,








that is, all the parameters of LR are given in terms of the pion decay constant F
and the two masses of the vector and scalar multiplets, MV and MS.
Considering the more general lagrangian of Eq. (2.5) all former constraints are
valid except the ones coming from the axial and scalar form factor. In the case of the
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axial form factor, there are new contributions from Eq. (2.19), see Eq. (D.84) in Ap-
pendix D. For the two pseudo-Goldstone bosons matrix element of the scalar quark
current there are new contributions when one consider massive quarks. Notice that
the required ﬁeld redeﬁnition of the scalar ﬁeld, needed to remove the tadpole [36],
would generate new contributions to the form factor coming from pieces with two
resonances. So that only the ﬁrst constraint of Eq. (2.35) would be valid in the
general case. The couplings of LR are ﬁxed now in terms of F and the resonance
masses:





































2.5 Leading Resonance Contributions to the O(p4)
χPT Lagrangian
It seems natural to expect that the lowest-mass resonances play an important role on
the pseudo-Goldstone bosons dynamics, i.e. Chiral Perturbation Theory. Below the
ρ mass scale, the singularities associated with the pole of the resonance propagators
can be replaced by the corresponding momentum expansion; the exchange of virtual
resonances generates pseudo-Goldstone bosons couplings proportionals to powers
of 1/M2R. It can be better understood by using the EFT ideas of Chapter 1. By
integrating out the lowest-mass resonances, that is, going from RχT to χPT, one
would expect to obtain the largest contributions to the chiral LEC’s. The so-called
resonance saturation involves considering that the couplings of χPT are largely
saturated by the resonance exchange. It can be justiﬁed using large-NC arguments,
since tree-level resonance contributions are leading in the 1/NC expansion, to be
compared to other contributions related to chiral loops.
In the manner that it has been pointed out in Section 2.3.1, the only possible
leading resonance contributions to the χPT LEC’s of LχPT4 come from operators
constructed with one resonance ﬁeld and one chiral tensor of O(p2) in the chiral
counting, LR of Eq. (2.5). In Ref. [17] these resonance contributions were studied
thoroughly. Under the Single Resonance Approximation and considering nonets for
the resonance ﬁelds, as large-NC motivates, one ﬁnds the following contributions at















L4 = 0 , L5 =
cdcm
M2S
, L6 = 0 ,
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i Lri (Mρ) V A S η1 Total Total
b)
1 0.4± 0.3 0.6 0.0 0.0 0.0 0.6 0.9
2 1.4± 0.3 1.2 0.0 0.0 0.0 1.2 1.8
3 −3.5± 1.1 −3.6 0.0 0.6 0.0 −3.0 −4.9
4 −0.3± 0.5 0.0 0.0 0.0 0.0 0.0 0.0
5 1.4± 0.5 0.0 0.0 1.4a) 0.0 1.4 1.4
6 −0.2± 0.3 0.0 0.0 0.0 0.0 0.0 0.0
7 −0.4± 0.2 0.0 0.0 0.0 −0.3 −0.3 −0.3
8 0.9± 0.3 0.0 0.0 0.9a) 0.0 0.9 0.9
9 6.9± 0.7 6.9a) 0.0 0.0 0.0 6.9 7.3
10 −5.5± 0.7 −10.0 4.0 0.0 0.0 −6.0 −5.5
Table 2.3: Comparison between the diﬀerent resonance-exchange contribution with the
phenomenologically determined values of Lri (Mρ), in units of 10
−3 [2]. Motivated by
the large-NC limit we include U(3) multiplets for the resonances. We consider only the
contribution from the η1 in the pseudoscalar channel. The superindex a) refers to an
input, whereas in b) the short-distance constraints are taken into account.






















Notice that it is not surprising to miss contributions to L4, L6 and L7 taking into
account its subleading order in the 1/NC expansion, see Table 2.1.
η1 is usually integrated out from the χPT lagrangian. Neglecting then the higher-
mass P resonances, the only remaining meson exchange is the one associated with





Note that if η1 is integrated out, L7 appears naively to be of O(N2C), since M2η1 ∼
O(1/NC) in Eq. (2.41). However, the 1/NC counting is not well deﬁned in this case,
since NC cannot be small (Mη1 heavy) and big (1/NC expansion) at the same time.
In Table 2.3 we compare the phenomenological values of these couplings together
with the ones predicted by the resonance exchanges. The assumption of resonance
saturation has given successful predictions for Li.
A last remark is suitable. Though the scale at which the results of the integration,
µ0, is known to be of the order of a typical scale of the physical system, let us
say µ0 = MR, there always remains some ambiguity on the precise value of µ0 at
which the resonance contributions are given. The next-to-leading order predictions
would avoid this problem, as the running is under control. See Chapter 4 for more
information.
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Chapter 3
Vector Form Factor at NLO in the
1/NC Expansion
3.1 Introduction
Quantum loops including virtual resonances are a major technical challenge which
still has not been properly addressed in Resonance Chiral Theory. A ﬁrst step in this
direction was the study of resonance loop contributions to the running of the χPT
coupling L10(µ), performed in Ref. [37], which however did not attempt an analysis
of the induced ultraviolet divergences and their corresponding renormalization.
Quantum loops involving massive states have been only analysed within explicit
models with additional symmetries. For instance, the gauge structure advocated
in the so-called “Hidden Local Symmetry” description of vector resonances [38] im-
plies a much simpler ultraviolet behaviour [39]. Loop corrections to some resonance
parameters have also been studied [40, 41] within the context of “Heavy Vector Me-
son χPT” [42], which adopts the MR → ∞ limit to guarantee a good chiral power
counting; and Ref. [43] in the Nambu-Jona-Lasinio model [44].
At the one-loop level the massive states present in RχT generate all kind of
ultraviolet problems which start now to be understood. A naive chiral power count-
ing indicates that the renormalization procedure will require higher dimensional
counterterms, which presumably could generate a problematic behaviour at large
momenta. Therefore, it will be necessary to perform a careful investigation of the
constraints implied by the short-distance properties of QCD at the next-to-leading
order in 1/NC.
A formal renormalization of RχT at the one-loop level appears to be a very
involved task, which requires the prior analysis of several technical ingredients, as
can be seen in Chapter 5. In order to gain some understanding on the ultraviolet
behaviour, it seems worth to perform ﬁrst some explicit one-loop calculations of well
chosen physical amplitudes. In this chapter, we present a detailed investigation of
the pion vector form factor (VFF) at next-to-leading order in the 1/NC expansion.
This observable is deﬁned through the two pseudo-Goldstone matrix element of the
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vector current:
〈 π+(p1) π−(p2) | 1
2
(
u¯γµu− d¯γµd) |0 〉 = F(q2) (p1 − p2)µ , (3.1)
where qµ ≡ (p1+p2)µ. At very low energies, the VFF F(q2) has been studied within
the χPT framework up toO(p6) [9, 45]. RχT and the 1/NC expansion have also been
used to determine F(q2) at the ρ meson peak, including appropriate resummations
of subleading infrared logarithms [46, 47].
We will simplify the calculation working in the two ﬂavour theory and taking the
massless quark limit. Therefore, we will assume a chiral U(2)L ⊗ U(2)R symmetry
group. The small eﬀects induced by the U(1)A anomaly will be neglected, because
they are not going to be relevant in our discussion. As the isosinglet pseudoscalar
can only appear within loops, and the numerical correction generated by its non-zero
mass could be taken into account in a straightforward way, together with the ﬁnite
quark mass eﬀects which we are ignoring.
In the next section we will brieﬂy resume the RχT lagrangian of interest. We
will only consider the minimal set of resonance couplings (linear in the resonance
ﬁelds) introduced in Ref. [17], supplemented with those counterterms required by
the renormalization procedure. Notice that one of the main aims of this chapter is
to justify the necessity of considering operators with more than one resonance ﬁeld,
in the spirit of the short-distance behaviour of our result. The renormalization of
the relevant one-particle-irreducible (1PI) Feynman diagrams will be discussed in
Section 3.3 and the ﬁnal results of our calculation will be collected in Section 3.4.
Sections 3.5 and 3.6 analyse the behaviour of the computed vector form factor at low
and high energies, respectively. We will ﬁnally summarize our ﬁndings in Section 3.7.
Several technical details and results have been moved to the appendices.
3.2 The Lagrangian
We are going to work within a U(2)L ⊗ U(2)R chiral theory, containing a multiplet
















to be compared to the U(3)L⊗U(3)R case of Eq. (2.3). Under the Single Resonance
Approximation, the pseudo-Goldstone bosons couple to massive U(2) multiplets of
the type V (1−−), A(1++), S(0++) and P (0−+), with a ﬁeld content analogous to the
one indicated in Eq. (3.2).
Our starting point is the RχT lagrangian introduced in Ref. [17], where, besides
the kinetic pieces, only linear couplings in the resonance ﬁelds are included, since
the intention of Ref. [17] was to obtain the leading resonance contributions to the
LEC’s of the O(p4) χPT lagrangian. Therefore, LRχT reads:
LRχT (φ,V,A, S,P) = L(2)pGB +
∑
R
(LkinR + LR) + LNLORχT , (3.3)
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where R runs over all the diﬀerent resonance ﬁelds, V , A, S and P . The notation of
Section 2.3.2 is followed: L(2)pGB is shown in Eq. (2.6); the diﬀerent kinetic pieces are
given in Eqs. (2.11) and (2.12); and the interactive terms are deﬁned in Eqs. (2.7),
(2.8), (2.9) and (2.10). LNLORχT refers to the subleading pieces, which will be deﬁned
below.
As it has been explained in the last chapter, taking into account that only the
RχT lagrangian of Eq. (3.3) is considered, one should take the usual constraints of
Eq. (2.38):




2F , MA =
√
2MV ,









The one loop calculation of the vector form factor with the previous lagrangian gen-
erates ultraviolet divergences which require counterterms with a higher number of
derivatives. We will only include the minimal set of chiral structures needed to renor-
malize our calculation. We expect their corresponding couplings to be subleading
in the 1/NC expansion, since they are associated with quantum loop corrections.




〈 fµν+ [uµ, uν] 〉 − ˜12 〈∇µuµ∇νuν 〉 , (3.5)
L˜(6)pGB = i c˜51 〈∇ρfµν+ [hµρ, uν] 〉+ i c˜53 〈∇µfµν+ [hνρ, uρ] 〉 . (3.6)
Note that the superindex indicates the chiral order of the operator. We use a tilde
to denote the RχT couplings in Eqs. (3.5) and (3.6), which are diﬀerent to the ones
with the same names (without tilde) in χPT. For instance, the chiral coupling 6
(L9 in the three ﬂavour case) is dominated by a contribution from vector-meson
exchange and is of O(NC), while the corresponding resonance coupling ˜6 does not
contain this contribution and is of O(1).
The operator with ˜12 in Eq. (3.5) does not contribute to the tree-level calcu-
lation; nevertheless, it is needed to renormalize the pseudo-Goldstone self-energies.
At O(p6), only the combination of couplings r˜V 2 ≡ 4F 2 (c˜53 − c˜51) is going to be
relevant for the VFF [10]. Including the lagrangians of Eqs. (3.5) and (3.6), the
tree-level calculation of the vector form factor gives the result:











The Brodsky-Lepage requirement that the form factor should vanish at q2 →∞
implies the following conditions at leading order in 1/NC:
FV GV = F
2 , ˜6 = 0 , r˜V 2 ≡ 4F 2 (c˜53 − c˜51) = 0 . (3.8)








Figure 3.1: Leading-order contributions to the vector form factor of the pion. A single
line stands for a pseudo-Goldstone boson while a double line indicates a vector resonance.
Therefore, the couplings ˜6/F
2 and r˜V 2/F
4 are of subleading order in the 1/NC
expansion, i.e. O(1/NC), as expected on pure dimensional grounds.
The renormalization of Green Functions including resonance ﬁelds forces the




〈∇2V µν {∇ν ,∇σ}Vµσ 〉+ XZ2
4




〈 {∇σ,∇α}V µν {∇ν ,∇α} Vµσ 〉 , (3.9)
L (4)F = XF1〈 Vµν∇2fµν+ 〉+ XF2〈 Vµν {∇µ,∇α} fαν+ 〉 , (3.10)
L (4)G = iXG1〈 {∇α,∇µ}V µν [uν , uα] 〉+ iXG2〈 V µν [hαµ, hαν ] 〉 . (3.11)
The quadratic lagrangian L (4)Z is needed to renormalize the vector self-energy. Ac-
tually, only the sum of couplings XZ ≡ XZ1 +XZ2 +XZ3 is relevant for this purpose.
The renormalization of the vector matrix element of the vector current involves the
sum of L (4)F couplings XF ≡ XF1 +XF2. Finally, the vertex with one external vector
resonance and two pseudo-Goldstone legs is renormalized by L (4)G through the com-
bination XG ≡ XG2 −XG1/2. The dimensions of the couplings are [XZ ] = E−2 and
[XF ] = [XG] = E
−1.
Finally, following the notation of Eq. (3.3), one has that
LNLORχT = L˜(4)pGB + L˜(6)pGB + L(4)Z + L(4)F + L(4)G . (3.12)
At next-to-leading order in 1/NC , these counterterm lagrangians only contribute
through tree-level diagrams. One can then use the leading order equations of motion,






[uµ, uν ] , (3.13)
to reduce the number of relevant operators. The lagrangians of Eqs. (3.9), (3.10)
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and (3.11) take then the equivalent forms:


















〈 fµν+ [uµ, uν] 〉+ · · · , (3.14)
L (4)F |EOM = −XFM2V 〈 Vµνfµν+ 〉 −
iXFGV√
2
〈 fµν+ [uµ, uν ] 〉+ · · · , (3.15)
L (4)G |EOM = −2iXGM2V 〈 V αν [uα, uν ] 〉 − i
√
2XGFV 〈 fµν+ [uµ, uν] 〉+ · · · , (3.16)
where the dots denote other terms which are not relevant for the VFF calculation,
at this order. The derivatives acting on the vector resonance ﬁelds have been traded
by the heavy mass scale MV and/or derivatives acting on the pseudo-Goldstone
ﬁelds, giving rise to the usual tensor structures of the χPT lagrangian. Therefore,
the eﬀect of the counterterm lagrangians L (4)Z , L (4)F and L (4)G is just equivalent to
the following shift in the couplings at next-to-leading order in 1/NC:





F eﬀV = FV + 2XZM
2





G eﬀV = GV + 2XZM
2






eﬀ = M2V + 2XZM
4
V ,
r˜ eﬀV 2 = r˜V 2 . (3.17)
Thus, since ˜ eﬀ6 ∼ ˜6 ∼ (M2V )eﬀ ∼ M2V ∼ O(1) and F eﬀV ∼ FV ∼ G eﬀV ∼ GV ∼
O(√NC), a consistent 1/NC counting requires that XG and XF are of O(1/
√
NC)
and XZ of O(1/NC).
3.3 Renormalization
The renormalization procedure follows very systematic and precise steps in any well
deﬁned quantum ﬁeld theory. First of all, the two-point Green Functions must be
renormalized. Later the three-point Green Functions and so on. For the vector form
factor up to next-to-leading order in the 1/NC expansion only the two- and three-
point Green Functions will contribute. The corresponding renormalizations for the
one-particle-irreducible diagrams at one-loop level are given in the next subsections.
We will adopt the MS−1 scheme, usually employed in χPT calculations, where
one subtracts the divergent constant
λ∞ =
2µD−4
D − 4 + γE − log 4π − 1 , (3.18)
being D the space-time dimension and γE  0.5772 the Euler’s constant. However,
we will impose the on-shell condition to renormalize the pion self-energy. This sim-
pliﬁes the calculation of physical amplitudes with external pions. Since we work in













Figure 3.2: One-loop diagrams and local contributions to the pion self-energy.
the massless quark limit, the pseudo-Goldstone tadpoles will not give any contri-
bution. The precise deﬁnition of the relevant Feynman integrals with one, two and
three propagators are relegated to Appendix B, while the contributions from each
diagram are shown in Appendix C.
3.3.1 Pion Self-energy
The diagrams contributing to the pion propagator are shown in Figure 3.2. The
kinetic lagrangians of Eqs. (2.11) and (2.12) generate additional tadpole topologies
with one resonance propagator, but they are identically zero even with massive pions.
The divergences of O(p2) are reabsorbed through the wave-function renormalization
πb = (1+δZπ)
1
2πr, being πb and πr the bare and renormalized pion ﬁelds respectively.




























There are also divergences of O(p4) which renormalize one of the couplings in
L˜ (4)χ :







































































Figure 3.3: One-loop diagrams and local contributions to the ρ self-energy.
3.3.2 Rho Self-energy
The one-loop ρ self-energy contains only an O(p4) divergence, which renormalizes
the coupling XZ of the subleading resonance lagrangian:






Thus, the vector mass and wave-function are not renormalized:
δM2V = 0 , δZV = 0 . (3.24)
The renormalized ρ self-energy then becomes:
−iΣrV (q)µν,ρσ = −
i
2
ΩLµν, ρσ(q) ΣrV (q
2) , (3.25)



















2/µ2) deﬁned in Appendix B.
3.3.3 〈vµ V ρσ〉 One-particle-irreducible Vertex
The one-particle-irreducible amputated diagrams connecting an external vector quark
current to an outgoing vector resonance are shown in Figure 3.4. The one-loop con-
tribution brings an O(p4) divergence which gets reabsorbed through the following
renormalization of the coupling XF :







Since there are no divergences of O(p2), the lowest-order coupling FV remains un-
changed:
δFV = 0 . (3.28)













Figure 3.4: Diagrams contributing to the 〈vµ V ρσ〉 Green Function at NLO in 1/NC .
The renormalized vertex function takes the form



















where the ﬁrst term is the leading order contribution. The antisymmetric ten-
sor structure Iρσαβ is deﬁned in Appendix A and the massless two-point function
Bˆ0(q
2/µ2) in Appendix B.
3.3.4 〈Vµνππ〉 One-particle-irreducible Vertex
The one-particle-irreducible amputated diagrams connecting a vector resonance with
two outgoing pseudo-Goldstone bosons at next-to-leading order in 1/NC are shown
in Figure 3.5. The loop diagrams generate O(p2) and O(p4) divergences, which
renormalize the couplings GV and XG, respectively:







































multiplying the lowest-order contribution (keep in mind
that δZV = 0). Taking this into account, one ﬁnally gets the ﬁnite vertex function






























































































































































c ) is deﬁned in Appendix B.
3.3.5 〈vµππ〉 One-particle-irreducible Vertex
The divergences generated by the one-particle-irreducible loop diagrams shown in
Figure 3.6 get reabsorbed through the renormalization of the pion wave function
δZπ and the O(p4) and O(p6) couplings ˜6 and r˜V 2:
























The resulting ﬁnite correction to the lowest-order pion form factor,
∆F(q2)1PI = ∆F ct +∆Fχ +∆FV + ∆FA +∆FS +∆FP , (3.36)





















































Figure 3.6: 1PI diagrams connecting an external vector current and two outgoing pions,
at next-to-leading order in the 1/NC expansion.
contains contributions from tree-level counterterms,





























































































































































































































































































































All the Feynman integrals are shown in Appendix B.
3.4 Vector Form Factor
The basic topologies contributing to the vector form factor are shown in Figure 3.7,
in terms of the one-loop level 1PI diagrams computed in the previous section. The
internal ρ line denotes the dressed vector propagator, including the self-energy cor-
rection of Eq. (3.26), which regulates the ρ pole. Taking this self-energy and the
subleading running of GV into account, the leading order contribution takes the
form:





M2V − q2 − Σ rV (q2)
. (3.43)
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The topology in Figure 3.7.a generates the following subleading correction:
∆F(q2)F = q
2






















Figure 3.7.b brings the contribution:
∆F(q2)G = − q
2












where ∆Γ(q2, µ2) is given in Eq. (3.33). Finally, Figure 3.7.c denotes the 1PI correc-
tion ∆F(q2)1PI in Eq. (3.36). Adding all contributions together, one gets the VFF
at NLO:
F(q2) = F(q2)LO +∆F(q2)F +∆F(q2)G +∆F(q2)1PI . (3.46)
Using the large-NC relations of Eq. (3.4) in this result, it can be written in the
form:
F(q2) = A(q2) M
2
V
M2V − q2 − Σ rV (q2)
+ B(q2) , (3.47)
where
A(q2) = 1 + δˆV + 2M
2
V Xˆ −∆Γ˜(q2) ,
B(q2) = G(q2)− δˆV − 2(M2V + q2)Xˆ . (3.48)
The constants








[XrF (µ) + 4X
r
G(µ)] , (3.49)
and the functions Σ rV (q
2),
∆Γ˜(q2) ≡ ∆Γ(q2, µ2)−∆Γ(0, µ2) , (3.50)
and
G(q2) ≡ ∆F(q2)1PI +∆Γ˜(q2) ≡ G(q2, µ2)−∆Γ(0, µ2) , (3.51)
are independent of the renormalization scale µ. The subleading RχT couplings
XrF (µ) and X
r
G(µ) only appear through the constant Xˆ, while X
r
Z(µ) is also present
in the function Σ rV (q
2). At q2 = 0, ∆Γ˜(0) = G(0) = Σ rV (0) = 0. Therefore F(0) = 1,
as it should.
Some 1PI diagrams (Figures 3.6.a and 3.6.e and the vector terms in Figures 3.6.b
and 3.6.c) have a corresponding reducible counterpart involving a vector propagator.
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The combination of both contributions can be then incorporated in A(q2). The
function G(q2, µ2) contains the corrections generated by the other 1PI diagrams
(Figures 3.6.d, 3.6.f, the S term in Figure 3.6.b, the S, A and P terms in Figure 3.6.c
and the ˜6 and r˜V 2 pieces in Figure 3.6.g). Subtracting their contribution at q
2 = 0,
which contains the dependence on the renormalization scale µ,































































































































































































As it has been reviewed in Section 2.5, at very low energies, q2 M2R, the resonance
ﬁelds can be integrated out from the eﬀective theory. One recovers then the standard
χPT lagrangian, which leads to the following result for the vector form factor of the
pion [9, 10]:














































The Taylor expansion in powers of q2 of the RχT prediction of Eq. (3.47) reproduces
the χPT formula, as it should. The coeﬃcient of theO [q4 log (−q2/µ2)] term satisﬁes
the known large-NC equality [17, 22]
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The non-logarithmic O(q4) and O(q6) terms relate the low-energy chiral couplings
6 and rV 2 with their RχT counterparts ˜6 and r˜V 2:
 r6 (µ) = −
F 2
M2V















































































































Notice that the combination of subleading RχT couplings Xˆ does not appear at
O(p4). Therefore, the relation of Eq. (3.56) adopts the same form in terms of the













As shown in Eq. (3.57), this is no longer true at O(p6); nevertheless, the explicit
dependence on Xˆ − XrZ(µ) present in r rV 2(µ) can be reabsorbed into the leading
term, through the use of the eﬀective couplings, i.e.








+ r˜ eﬀ ,rV 2 + · · · . (3.59)
Eqs. (3.56) and (3.57) contain the well known lowest-order predictions for the two
χPT couplings: 6 = −M2V r rV 2/F 2 = −F 2/M2V . Moreover, they give their depen-
dence on the renormalization scale at the next-to-leading order. The running of the
renormalized couplings  r6 (µ), r
r




V 2(µ) is diﬀerent, because their
corresponding eﬀective theories have a very diﬀerent particle content.
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These values are in perfect agreement with the low-energy results of Refs. [9, 10, 45].
The running of the O(p6) coupling rV 2(µ)/F 4 receives of course additional 2-loop
contributions which are of O(1/N2C).
The rigorous control of the renormalization scale dependences allows us to inves-
tigate the successful resonance saturation approximation at subleading order. The
χPT couplings 6 and rV 2 have been phenomenologically extracted from a ﬁt to the





 r6 (µ)− log
m2π
µ2
= 16.0± 0.5± 0.7 , (3.63)
r rV 2(Mρ) = (1.6± 0.5) · 10−4 . (3.64)
Inserting these numbers in Eqs. (3.56) and (3.57), one can estimate the correspond-
ing scale-invariant combinations of NLO couplings in RχT:

































= −1/(6F 2). Taking F = 92.4 MeV, MV = 770 MeV and MS = 1 GeV,
one gets ˆ6 = (−0.2 ± 0.9) · 10−3 and rˆV 2 = (−0.2 ± 0.5) · 10−4, while a larger
value of the scalar resonance mass MS = 1.4 GeV shifts the O(p4) coupling to
lˆ6 = (−0.9±0.9) · 10−3, without aﬀecting rˆV 2 at the quoted level of accuracy. These
numbers should be compared with the large-NC predictions for the χPT couplings
6|NC→∞ = −F 2/M2V = −0.014 and rV 2|NC→∞ = F 4/M4V = 2.1 · 10−4. Put in a
diﬀerent way, the hypothesis ˆ6 = rˆV 2 = 0 generates excellent predictions for 
r
6 (µ)
and r rV 2(µ) at any scale µ.
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− 16π2˜ r6 (µ)
]
+O (q0)} ,
















































The ρ propagator makes the A(q2) piece of the VFF well behaved when q2 →∞.
However, the 1PI contributions generate a wrong behaviour G(q2) ∼ q4 log (−q2/µ2)
in the B(q2) term, which cannot be eliminated with a local contribution. The
problem originates in the two-resonance cut which has an unphysical growing with
momenta.
Although our leading RχT lagrangian of Eq. (3.3) only incorporates couplings
linear in the resonance ﬁelds, the kinetic resonance lagrangian introduces some bilin-
ear interactions through the chiral connection included in the covariant derivatives.
Their couplings are ﬁxed by chiral symmetry and give rise to the diagrams in Fig-
ures 3.5.b, 3.6.c, 3.6.d and 3.6.f. Obviously, these are not the only interactions
bilinear in the resonance ﬁelds even at large-NC [19, 29, 30, 54]. Therefore, it is
not surprising that our calculation is unable to ﬁnd the correct behaviour at large
energies for those contributions with two intermediate resonances.
The contributions with an internal vector propagator in diagrams 3.6.b and 3.6.c
give us some hint about which pieces could be missing in our calculation. These two
diagrams combine with a reducible contribution of the type 3.7.b: the 1PI 〈Vµνππ〉
vertex in Figure 3.5.b. The three contributions contain identical loop functions and
their sum generates a global factor M2V /(M
2
V − q2), which suppresses the large-q2
behaviour. Thus, these corrections have been included in the term A(q2).
It seems natural to conjecture that the remaining 1PI contributions with two-
resonance cuts should combine with the corresponding reducible topologies, includ-




M2V − q2 − Σ rV (q2)
G(q2) . (3.68)
The needed lagrangian takes the form
∆LV RR = i λV SS 〈 V µν ∇µS∇νS 〉+ i λV PP 〈 V µν ∇µP ∇νP 〉 . (3.69)
Our conjecture ﬁxes the new chiral couplings in the large-NC limit. In fact, the main
aim of the next chapter is to follow these ideas: once it is accepted the necessity of
new terms with more than one resonance ﬁeld by studying the asymptotic behaviour
at large energies, we are going to analyse all the two-body form factors that can be
found in the even-intrinsic-parity sector of Resonance Chiral Theory in the Single
Resonance Approximation. This will be done in the spirit of correlators at next-to-
leading order in the 1/NC expansion.
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3.7 Conclusions
The one-loop analysis of the vector form factor of the pion has shown a series of
interesting features:
1. As expected, loop diagrams with massive resonance states in the internal lines
generate ultraviolet divergences, which require additional higher-dimensional
counterterms in the RχT lagrangian. Since these counterterms give rise to tree-
level contributions which grow too fast at large momenta, their corresponding
couplings should be zero at leading order in the large-NC expansion. Thus,
one can establish a well deﬁned counting in powers of 1/NC to organize the
calculation.
The formal renormalization is completely straightforward at one loop. One
can easily determine the µ dependence of all relevant renormalized couplings.
Moreover, the ﬁnal result is only sensitive to some combinations of the chiral
couplings. In fact, using the lowest-order equations of motion, one can elimi-
nate most of the higher-order couplings. Their eﬀects get then reabsorbed into
redeﬁnitions of the lowest-order parameters.
2. Expanding the result in powers of q2/M2R, one recovers the usual χPT expres-
sion at low momenta. This relates the low-energy chiral couplings 6 and rV 2
with their corresponding RχT counterparts ˜6 and r˜V 2.
The rigorous control of the renormalization scale dependences has allowed us
to investigate the successful resonance saturation approximation at the next-
to-leading order in 1/NC . The assumption ˆ6 = rˆV 2 = 0 generates excellent
predictions for  r6 (µ) and r
r
V 2(µ) at any scale µ.
We stress again the importance of determining the resonance contributions
to the chiral LEC’s at next-to-leading order in 1/NC , since one keeps a full
control of their renormalization scale dependence. Notice how the uncertainty
related to the running disappears. This chapter represents a ﬁrst step towards
a systematic procedure to evaluate next-to-leading order contributions in the
1/NC counting: in the next chapter we will present a NLO prediction of L8.
3. At higher energies, we have identiﬁed an unphysical behaviour which originates
in the two-resonance cuts: they generate an increase of the form factor at large
values of momentum transfer. This is not surprising, since there are additional
contributions generated by interaction terms with several resonances, which
have not been included in the minimal RχT lagrangian. These new chiral
structures should be taken into account to achieve a physical description of the
VFF above the two-resonance thresholds. The short-distance QCD constraints
can be used to determine their corresponding couplings.
In the next chapter we will check with several form factors the requirement of
these new terms in order to fulﬁll a good behaviour at large energies.
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Chapter 4
Two-body Hadronic Form Factors
From QCD
4.1 Introduction
Once it is accepted the importance of matching the eﬀective results evaluated within
the Resonance Chiral Theory with the ones obtained with QCD, one has to study
how to carry out this procedure. There are two ways of getting short-distance
constraints: either to consider the Green Functions of QCD currents calculated in
the leading OPE expansion or to demand that two-body form factors of hadronic
currents vanish at high energies [28]. Although in the ﬁrst case there is no doubt
about the necessity of fulﬁlling the asymptotic constraints in the considered ampli-
tude, the second one is more controversial. Actually, this behaviour has only been
experimentally observed for pseudo-Goldstone bosons and photons. The question
appears when one is studying form factors that involve resonances as “asymptotic
states”. In this chapter we present an analysis of all two-body form factors that can
be found in the even-intrinsic-parity sector of RχT in the Single Resonance Approx-
imation [29, 30]. In the spirit of correlators at next-to-leading order in the 1/NC
expansion, the requirement of considering the short-distance behaviour of these form
factors is justiﬁed.
As a continuation of the ideas proposed in the last chapter, once these new
constraints are incorporated, we expect to avoid the non-vanishing behaviour at
large momentum transfer for those contributions in the vector form factor at one-loop
level coming from diagrams with resonances as intermediate states. In Section 3.6 we
showed the need of new operators, that is, operators with more than one resonance
ﬁeld, in order to generate this suppression. Notice that we propose a relation between
well-behaved form factors with resonances in the ﬁnal state and observables at NLO.
As soon as one is dealing with well-behaved amplitudes at large energies, a
one-loop calculation provides a clear NLO prediction of the related χPT LEC’s,
where the scale dependence is under control. Following this path, we present a
subleading prediction of L8 [29]. A ﬁrst step in this direction was the study of
resonance loop contributions to the chiral coupling L10 [37]. In Ref. [37] it was
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suggested the importance of considering well-behaved amplitudes before studying
these contributions. Sections 3.6 and 3.7 [26] are a good example of these ideas in
the case of L9 (or 6 in the two ﬂavour case).
In Section 4.2, the lagrangian needed to describe all the possible two-body form
factors within the Single Resonance Approximation is reviewed. Section 4.3 is de-
voted to clarify how to get the short-distance constraints for the form factors by
relating them to one-loop correlators through the optical theorem; the relation be-
tween quantum loops in RχT and form factors with resonances in the ﬁnal state is
explained. A phenomenological example of these results is developed in Section 4.4,
where a prediction of Lr8(µ) is given, making use of dispersive relations. The study of
possible inconsistencies between constraints due to the truncation of the large-NC
spectrum, already suggested in former works [25, 48], is relegated to Section 4.5.
The main conclusions are summarised in Section 4.6. Some technical details and
the full list of results for the form factors are collected in the Appendices D and E.
4.2 The Eﬀective Lagrangian
As pointed out in the introduction, the study is taken under the Single Resonance
Approximation, where just the lightest resonances with non-exotic quantum num-
bers are considered. On account of large-NC , the mesons are put together into U(3)
multiplets. Since we will be interested on the structure of the interaction at short
distances, we will work under the chiral limit.
As the Resonance Chiral Theory should get the high-energy behaviour of QCD,
only operators constructed with chiral tensors of O(p2) will be allowed; interactions
with higher order chiral tensors tend to violate the asymptotic behaviour ruled by
QCD.
In the large-NC approach, there is no limit to the number of resonances that one
may include in the eﬀective operators. However, as we are interested just in the
two-body form factors at tree level, only operators up to three resonance ﬁelds are
considered. Moreover, in the case of three resonance operators, only terms consisting
of resonance ﬁelds and the covariant derivative ∇µ will be required.
Following these remarks the terms in the lagrangian can be classiﬁed as:










where the indexs Ri run over all the diﬀerent resonance ﬁelds, V , A, S and P . We
use ∆ in the last term to stress that only some terms with three resonances are added
to the lagrangian. The diﬀerent pieces are shown and explained in Section 2.3.2,
Eqs. (2.6) - (2.27).
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d4x eiqx 〈0|T (Y (x)Y (0)†) |0〉 , (4.2)
where Xµ(x) can denote the vector or axial-vector current (X = V,A) and Y (x) the
scalar or pseudo-scalar density (Y = S, P ),
V µi = ψ¯ γ
µ λi
2












The associated spectral functions are a sum of positive contributions correspond-
ing to the diﬀerent intermediate states. At large q2, ImΠ
XX
tends to a constant
whereas ImΠ
Y Y
grows as q2 [31, 34]. Therefore, since there is an inﬁnite number of
possible states, we assume a similar supression for all the absorptive contributions
in the spin-1 correlators coming from each intermediate state in the q2 →∞ limit.
The high energy behaviour in the spin-0 ImΠ
Y Y
is not so clear as, a priori, one





vanishes as 1/q4 in the chiral limit [34], the Brodsky-Lepage rules
for the form factors [28] and the 1/q2 behaviour of each one-particle intermediate
cut (tree-level exchanges) seems to point out that every absorptive contribution to
ImΠ
Y Y
must also vanish at large momentum transfer.
The spectral functions of the correlators at next-to-leading order can be easily
obtained from form factors by making use of the optical theorem. Thence, all
possible two-body form factors have been calculated in order to get the imaginary
part of the two-point function. In the simplest cases with just one form-factor




= ξ(q2) |Fm1,m2(q2)|2 , (4.4)
with ξ(q2) a kinematic factor that depends on the considered channel. Imposing that
the spectral function must vanish as 1/q2 at q2 →∞ yields a speciﬁc behaviour for
Fm1,m2(q2), depending on ξ(q2). Thus, some constraints on the eﬀective parameters
will be needed. In Appendix D, we give the whole list of form factors in the even-
intrinsic-parity sector of RχT in the Single Resonance Approximation, the exact
relations between them and the spectral functions, the constraints which are derived
from the high energy analysis and the structure of the form factors after imposing the
proper short-distance behaviour. Some of them can be found in former literature [22,
26].








Figure 4.1: Tree-level contributions to the vector form factor of the pion. A single
line stands for a pseudo-Goldstone boson while a double line indicates a vector
resonance.
As an example, we show here the case of the two pseudo-Goldstones matrix
element of the vector current. The diagrams that contribute at leading order in
1/NC are those depicted in Figure 4.1. The form factor is deﬁned through the
corresponding matrix element,
〈 π0(p1)π−(p2)|d¯γµu|0 〉 =
√
2F vππ(q2) (p2 − p1)µ , (4.5)
where F vππ reads






and it is the same form factor than the one of Eq. (3.1) in Chapter 3. Using the






|F vππ(q2)|2 . (4.7)
Imposing that ImΠ
V V
(q2)|ππ vanishes in the q2 →∞ limit leads to demanding that
the form factor also does, so we ﬁnd the constraint
FV GV = F
2 . (4.8)
Taking into account this constraint, the form factor follows now the right asymptotic





as we would have obtained imposing the Brodsky-Lepage behaviour in Eq. (4.6).
In this work, the tilde over a form factors denotes that the QCD short-distance
constraints have already been imposed.
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(q2) is studied in this section in order to
predict Lr8(µ) at next-to-leading order.


















+O (q2) , (4.10)












with Γ8 = 3/16 for the U(3) case [49], makes ΠS−P (q
2) scale independent.
A leading order prediction of the χPT coupling can be obtained easily by con-
















Demanding the right high-energy behaviour (∼ 1/q4) in Π
S−P (q
2)|NC→∞RχT constraints
the resonance parameters to obey the relations:
F 2 − 8 c2m + 8 d2m = 0 , c2m M2S − d2m M2P = δ˜ , (4.13)
where δ˜ ≡ 3παsF 4/4 ≈ 0.08αsF 2 × (1GeV)2 is negligible.
In Section 2.4 it is reviewed how to ﬁx all the low-energy couplings of LRχT of
Eq. (4.1) linear in the resonance ﬁelds, by using diﬀerent short-distance constraints,





































where, at LO in 1/NC, the couplings are ﬁxed in terms of the decay constant F and
the resonance masses in the chiral and large-NC limit, MV , MA, MS, MP .
















where the constraints in Eq. (4.14) have been considered to produce the ﬁnal result.
It is expected that Eq. (4.15) provides the coupling at scales of the order of the
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momenta involved in the processes (µ0 ∼ MR), though until now there was no
information about the scale of saturation. Therefore, at LO in 1/NC, the uncertainty
on µ0 induces an error, which for the coupling L
r
8(µ) is sizable and competes with
the leading contributions.
In the large-NC limit a correlator that accepts an unsubtracted dispersive re-
lation is determined by the position of the poles and the value of their residues.
Hence, within the Single Resonance Approximation, Eq. (4.12) shows the general
structure for Π
S−P . This corresponds to the leading order saturation of the χPT
O(p4) lagrangian by the resonance exchange.
4.4.1 Dispersive Calculation of Π
S−P






(q2) is computed at next-to-leading order
within the Resonance Chiral Theory in the Single Resonance Approximation. By
using the dispersive relations (Appendix E), it is possible to prove that the amplitude























where the contributions ∆Π
S−P (q
2)|m1,m2 are given by the two meson absorptive
cut m1, m2. Their imaginary part is related to the corresponding two-meson form
factors through the optical theorem (the precise relations are given in Appendix E),
































where MR is the mass of the intermediate resonance produced in the m1, m2 form-
factor. It obeys the properties
lim
t→M2R




ReD(t)|m1,m2 = 0 , (4.18)
with D(t)|m1,m2 ≡ (M2R − t)2∆ΠS−P (t)|m1,m2 .
Notice that the dispersive integrals are convergent because the form-factors are
well behaved at inﬁnite momentum. This ensures the absence of non-vanishing con-
tributions in the part of the amplitude that comes from unitarity. The remaining
terms in the correlator do not contain cuts and are analytical. These polynomial
terms must vanish, remaining only the pole+unitarity structure in Eq. (4.16). This
ﬁxes any possible L˜8 arising at NLO, since the full polynomial must be zero. Fur-
thermore, we will impose the 1/q4 behaviour prescribed by the OPE for Π
S−P (q
2)
up to NLO in 1/NC .
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It is possible to show that states with higher thresholds turn out to be more an
more suppressed (Appendix E.2). Only contributions from cuts that contain up to
one resonance ﬁeld are taking into account: the πη, the Aπ and the Pπ cut of the
scalar correlator (Sections D.3.1, D.3.2 and D.3.3 respectively) and the V π and the
Sπ cut of the pseudoscalar correlator (Sections D.4.1 and D.4.2). All the results
from Appendix D have been multiplied by a factor nf/2 in order to go from 2 to nf
light ﬂavours. The results in Eqs. (4.21)-(4.24) include also a factor 2 that accounts
the two possible absorptive structure, e.g., in the case of Eq. (4.21) it is possible
ρ0π− and ρ−π0. The pion scalar form factor constraint from Eq. (D.99) has been
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used in Eq. (4.23).
4.4.2 Short-distance Constraints at One-loop

















































































































































































































































































Once the leading-order relations in Eq. (4.14) have been used, imposing the
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which requires MA ≤
√
2MV . Imposing the right short-distance behaviour (∼ 1/q4)
in Π(t), one gets
F 2 (1 + δ(2)
NLO
) − 8cr 2m + 8 dr 2m = 0 , (4.32)
F 2 M2S δ
(4)
NLO










































































































































































































4.4.3 Saturation of Lr8(µ) at Next-to-leading Order in 1/NC
Once we have extracted information from short distance QCD, we are ready to study



























+O (q2) , (4.39)
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∆Π
S−P (q



































+O (q2) , (4.40)
∆Π
S−P (q
2)|Aπ =0 , (4.41)
∆Π
S−P (q






















































































+O (q2) . (4.43)
It is interesting to remark that the non-analytic log (−q2) structure that arises in
χPT from the πη loop is exactly reproduced at low energies by the πη cut within the
resonance theory; working within a chiral invariant framework ensures the proper
low energy behaviour. The remaining cuts with resonances are absent in χPT and
they only produce analytical contributions that go to the low-energy constants.























































































































In the ﬁrst line we have the tree-level contribution, where the NLO relation from
Eqs. (4.36) and (4.37) have been used. The next lines contain the one-loop contri-
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butions, respectively from πη, V π, Sπ and Pπ, and where the LO constraints from
Eq. (4.14) have been employed.
A last remark is required: the calculation has been done within the U(3) case,
whereas the usual χPT results are obtained in the SU(3) framework. Therefore, we
have to take into account the matching between the U(3) and SU(3) Chiral Pertur-
bation Theories [21]. The diﬀerence between the value of L8 in the two versions of
the eﬀective theory is related to the diﬀerence between the corresponding coeﬃcients
Γ8, that is, the diﬀerent running. Accordingly, the leading order prediction of L8 is

















8 = 3/16 [49], Γ
SU(3)
8 = 5/48 [9], and M0 = 850± 50 MeV [50] is the mass
of the η′ in the chiral limit.
4.4.4 Phenomenology
At this point we have the chiral coupling Lr8(µ) expressed in terms of the resonance
masses MV , MA, MS M rS, MP M rP , the decay constant F and the U(3)−SU(3)
matching contribution, given by M0, the mass of the η
′ in the chiral limit.
The diﬀerent input parameters are deﬁned in the chiral limit. We take the
ranges [9, 22, 50, 51, 52] MV = (770 ± 5) MeV, M rS = (1.14 ± 0.16) GeV, M rP =
(1.3 ± 0.1) GeV, M0 = (0.85 ± 0.05) GeV and F = (89 ± 2) MeV, and use the
relation of Eq. (4.31) to ﬁx MA, keeping the constraint MP ≥ MS from Eq. (4.14)
and imposing MA ≥ 1 GeV. The correction δ˜ turns out to be negligible. For the
renormalization scale µ0 = 770 MeV, one obtains the following contributions
103 · Lr8(µ0) = 0.33︸ ︷︷ ︸
tree
− 0.05︸ ︷︷ ︸
U(3)→SU(3)
− 0.72︸ ︷︷ ︸
ππ
+ 0.55︸ ︷︷ ︸
V π








where one ﬁnds the expected suppression of heavier thresholds.
The largest uncertainties originate in the badly known values of M rS and M
r
P ,
which already appear in the leading order prediction. The keypoint is the fact
that the rest are purely NLO errors in 1/NC and they remain small, validating the
perturbative expansion in 1/NC. To account for the higher-mass intermediate states
which have been neglected, we have added an additional truncation error equal to
0.12·10−3, the size of the heaviest included channel (Pπ). Note that the smallness of
the truncation error ensures that the Single Resonance Approximation is fair within
this framework. All errors have been added in quadrature. Therefore we arribe to
Lr8(µ0) = (0.6± 0.4) · 10−3 , (4.47)
to be compared with the value Lr8(µ0) = (0.9 ± 0.3) · 10−3, usually adopted in
phenomenological analyses.
76 Two-body Hadronic Form Factors From QCD
It is interesting to recall that for the considered scale µ0 = 770 MeV, our NLO
prediction for Lr8(µ0) suﬀers small deviations with respect to its value at leading
order, LNC→∞8 = 0.8 ·10−3, given by Eq. (4.15). Through a simple χPT analysis one
ﬁnds that varying the renormalization scale between µ1 = 0.5 GeV and µ2 = 1 GeV
produces a variation on the renormalized coupling of the order of |Lr8(µ2)−Lr8(µ1)| ∼
0.5 · 10−3. The outcome of our 1/NC calculation shows a perfect agreement with
these considerations, being the possible deviations between LO and NLO in 1/NC
of the order of the expected renormalization scale uncertainties in L8.
4.5 Conﬂict between High-energy Constraints
The Resonance Chiral Theory is an eﬀective approach of QCD that models large-NC
by cutting the tower of resonances, that is, an inﬁnite number of meson ﬁelds is not
considered. However, it is known that really an inﬁnite tower of resonances is needed
to recover the large-NC behaviour within QCD. Therefore, it is not surprising to ﬁnd
some conﬂicts between the constraints of Appendix D. In fact, it should have been
expected, since our approach does not fully recover QCD and, eventually, it may
lead to inconsistencies: not all behaviours of QCD can be satisﬁed at the same time
within the MHA.
In Ref. [48] it was claimed that there exists in general a problem between QCD
short-distance constraints for Green Functions and those coming from form factors
and cross-sections following from the quark counting rule [28]. However, from the
general analysis of two-body form factors, developed in detail in Appendix D, we
ﬁnd that the spin-0 sector does not lead to contradictions. On the other hand, the
form factors related to spin-1 mesons drive us in some cases to constraints which do
not agree with those coming from other form factors.
This incompatibility can be solved by including a second multiplet, being this
idea supported by large-NC . Note that we follow the Minimal Hadronic Approx-
imation [24], therefore a second multiplet should be incorporated if there exists a
conﬂict between the short-distance constraints of the problem at hand.
For instance, in the left-right correlator, if the analysis is taken up to next-to-
leading order in the 1/NC expansion, all the constraints related to the vector and
axial form factors (Appendix D) should be considered. However, the restrictions for
λV Ai in Eq. (D.9) from the vector form factor to an axial resonance ﬁeld and a pion,
and those in Eq. (D.54) from the axial form factor to a vector resonance ﬁeld and a
pion are incompatible. The proposed solution is the inclusion of a second multiplet
for the V (1−−) and A(1++) resonances, but only for internal lines. Then one should
add new pieces to the lagrangian of Eq. (4.1):


















〈A′µνfµν− 〉 , (4.49)
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LV ′A = λV ′A1 〈 [V ′µν , Aµν ]χ− 〉+ i λV
′A
2 〈 [V ′µν , Aνα]hαµ 〉
+ i λV
′A
3 〈 [∇µV ′µν , Aνα]uα 〉+ i λV
′A
4 〈 [∇αV ′µν , Aαν ]uµ 〉
+ i λV
′A
5 〈 [∇αV ′µν , Aµν ]uα 〉+ i λV
′A
6 〈 [V ′µν , Aµα]fαν− 〉 , (4.50)
LV A′ = λV A′1 〈 [Vµν , A′µν ]χ− 〉+ i λV A
′
2 〈 [V µν , A′να]hαµ 〉
+ i λV A
′
3 〈 [∇µVµν , A′να]uα 〉+ i λV A
′
4 〈 [∇αVµν , A′αν ]uµ 〉
+ i λV
′A
5 〈 [∇αVµν , A′µν ]uα 〉+ i λV A
′
6 〈 [Vµν , A′µα ]fαν− 〉 . (4.51)












5 ) = FA ,




3 ) = 0 ,
FA(2λ
V A
2 − λV A4 − 2λV A5 ) + F ′A(2λV A
′
2 − λV A
′
4 − 2λV A
′
5 ) = −FV + 2GV ,




3 ) = −GV ,
(4.52)
so the incompatibility is not present any longer. In this way, the incompatibilities
in the lightest resonances couplings can be carried to the couplings of higher states
that produce mild eﬀects on the region of validity of our eﬀective description.
4.6 Conclusions
Resonance Chiral Theory is an eﬀective framework to handle QCD at energies where
one has hadronic resonances and pseudo-Goldstones from the chiral symmetry break-
ing. The expansion in powers of 1/NC provides a key in order to construct the
eﬀective action. In addition to embed χPT at low energies, this theory must recover
perturbative QCD and the OPE at short distances.
Several constraints on the RχT couplings are derived from the study of Green
Functions of QCD currents at large-NC. The other source of information is the
consideration of the Brodsky-Lepage behaviour of the form factors, e.g. the pion
vector form factor. This work shows the necessity of also taking into account the
form factors with resonances in the ﬁnal state. They are related to two-point Green
Functions at next-to-leading order in the 1/NC expansion and rule their asymp-
totic behaviour at one-loop. All two-body form factors that can be found in the
even-intrinsic-parity sector of Resonance Chiral Theory (Single Resonance Approx-
imation) have been analysed, producing the constraints and form factor structures
shown in Appendix D.
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It is important to remark that there are no new constraints coming from the
short-distance analysis of form factors with one photon and one meson in the ﬁnal
state, that is, two-meson form factor analysis provides the most stringent set of
constraints. This is not a surprise taking into account the relation between the
vector resonances and the photon because of their quantum numbers.
The need of taming the resonance form factors at high energies was hinted in the
last chapter, in order to improve the short distance behaviour of the pion vector form
factor at the one-loop level [26]. This immediately leads to demand operators with
more than one resonance ﬁeld. Thus, one must study amplitudes with resonances
as external states at LO in 1/NC whenever a calculation is carried at the loop level.
In our case, the optical theorem tells us that the relevant amplitudes are just the
two-body form factors.
We have illustrated the analysis showing the case of the Π
S−P (q
2) correlator
and the RχT prediction of the corresponding low energy coupling Lr8(µ) at NLO in
1/NC. From the Weinberg sum rules for ΠS−P (q
2) and the pion scalar form factor
one gets its expression at leading order. Dispersive integrals show that the correlator
up to NLO in 1/NC is just given by terms proportional to the squared modulus of
form factors and renormalized resonance parameters. Furthermore, the local χPT
operators are shown to be absent within our present realization of the resonance
lagrangian. The modiﬁed parameters can be partially ﬁxed by taking the Weinberg
sum rule analysis of Π
S−P (q
2) up to NLO. This produces a slight modiﬁcation to the
leading relation, which can be read as:
F 2 (1 + δ(2)
NLO
) − 8cr 2m + 8 dr 2m = 0 ,
F 2 M2S δ
(4)
NLO
− 8cr 2m M r 2S + 8 dr 2m M r 2P  0 .
The chiral invariance in RχT leads to the recovering of the χPT structure at
low energies. The πη cut in RχT reproduces the long distance non-analytic term
log(−q2) from one-loop χPT. This keeps the control on the renormalization scale
µ appearing in χPT within log(−q2/µ2) and Lr8(µ). The remaining absorptive cuts
generate analytic terms in q2 and they only contribute to the LEC’s. All this provides
the determination for µ0 = 770 MeV,
Lr8(µ0) = ( 0.6 ± 0.4 ) · 10−3 .
which can be compared to χPT value L8(µ0)|exp = (0.9± 0.3) · 10−3 [17]. Since the
dependence on the scale is always exactly controlled, this problematic uncertainty
disappears in our picture. On the other hand, the bulk of the error is due to
the current ignorance on the values of the masses of the scalar and pseudoscalar
multiplets in the chiral limit. The reduction of their relative uncertainties below the
5% level would drastically improve the result. Until then, purely NLO errors in 1/NC
and the Single Resonance Approximation produce just a subdominant contribution
to the global error. This validates the perturbative expansion in 1/NC and points
out the way to proceed in order in increase the accuracy of the determination.
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To end with, we have commented some problems that appear in the spin-1 sector
due to the truncation of the large–NC spectrum of inﬁnite resonances. Because of
this cut in the tower of resonances, it is clear that QCD cannot be exactly recovered
through our eﬀective approach and that some conﬂicts between constraints may
eventually arise. In our case, it is shown that this incompatibility can be solved by
including a second multiplet.





Since its inception Resonance Chiral Theory has been applied both to the study of
resonance contributions in weak interaction processes (radiative and non–leptonic
kaon decays) [53] and to the study of form factors of mesons [46], where only the RχT
lagrangian at tree level has been used and, accordingly, the leading contribution in
the large-NC approach we are describing has been obtained.
The next-to-leading order in the 1/NC expansion arises from one loop calcula-
tions within the theory and its control starts to be necessary both on grounds of the
convergence of the predictions and to straighten our knowledge of non-perturbative
QCD. A Dyson-Schwinger resummation of subleading orders is required to describe
the amplitudes near the resonance peak [47], leading, eventually, to systematic one-
loop calculations [26, 29, 30, 37, 54]. Improving the phenomenological determi-
nations of non-perturbative QCD quantities is needed in order to distinguish new
physics eﬀects. As it has been pointed out in the previous chapter, it also allows get-
ting the resonance contributions to the χPT LEC’s at next-to-leading order, keeping
the dependence on the renormalization scale under control. Furthermore, quantum
loops are essential to ﬁnd the quantum ﬁeld theory description and to properly
understand the hadronic interactions beyond ad hoc modelings.
RχT is non-renormalizable. Moreover the lack of an expansion parameter in the
lagrangian does not make feasible the application of a perturbative renormalization
program based on a well deﬁned power-counting scheme analogous to the one in
χPT. Nevertheless from a practical point of view the situation is similar to the χPT
case [55]. As shown in Chapter 3 [26], where the vector form factor of the pion was
calculated at one-loop level in RχT, it is possible to construct a ﬁnite number of
operators, within the theory, whose couplings can absorb the divergences coming
from one loop diagrams. The only requirement is, of course, that the regularization
procedure of the loop divergences respects the symmetries of the lagrangian.
In the present chapter we have studied the full one-loop generating functional
82 One-loop Renormalization: Scalar and Pseudoscalar Resonances
that arises from RχT when one multiplet of scalar and pseudoscalar resonances
are considered and only up to bilinear couplings in the resonances are included.
The divergent contributions have been evaluated and, consequently, the full set
of operators needed to renormalize the theory properly has been obtained. The
conceptual diﬀerences with the χPT renormalization program will also be stressed.
In Section 5.2 we describe shortly the content of RχT that is of interest in our
case and its main features. Section 5.3 is devoted to explain the procedure and
hints which are followed to perform the evaluation of the generating functional,
whose results are given in Section 5.4 and commented in Section 5.5. In Section 5.6
we point out the conclusions and summarize. Some technical details are relegated
to Appendix F and most of the results to Appendix G.
5.2 RχT with Scalars and Pseudoscalars Reso-
nances
We consider the RχT lagrangian constituted by pseudo-Goldstone bosons and one
multiplet of both scalar and pseudoscalar resonances. Motivated by the large-NC
limit we include U(3) multiplets for the spectrum though we limit ourselves to SU(3)
external currents as we are not interested in anomaly related issues. Our lagrangian
reads:
LRχT (φ, S,P) = L(2)pGB + LkinS + LkinP + LS + LP + LSS + LPP + LSP , (5.1)
where the notation of Section 2.3.2 is followed. The diﬀerent pieces of Eq. (5.1) are
given in Eqs. (2.6), (2.11), (2.11), (2.9), (2.10), (2.13), (2.13) and (2.14) respectively.
In other words, we have considered all terms observing chiral and QCD symmetries
which are constructed with scalar and pseudoscalar resonances together with chiral
tensors of O(p2), up to bilinear couplings in the resonance ﬁelds and under the Single
Resonance Approximation.
Several comments on our lagrangian theory are suitable here:
- The RχT lagrangian satisﬁes, by construction, the structures of chiral dynam-
ics at very low-energies (E  MR). Notwithstanding, it is clear that there is
no small coupling or kinematical parameter that could allow us to perform a
perturbative expansion in order to solve the eﬀective action of the theory, as
it happens in χPT. We stress again that the large-NC limit guides a loop per-
turbative expansion, not in the lagrangian, but in the observables evaluated
with it.
It has also been proposed [56] that, due to the fact that the chiral counting
is spoiled when resonances are included in loops, it could be possible to keep
the chiral counting by disentangling the “hard” modes that could be absorbed
in the renormalization program. In this way one gets a chiral expansion even
if resonance contributions in the loop are considered. This procedure can be
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useful but only if one is interested in the application at very low energies out
of the resonance region.
- Short-distance constraints on the asymptotic behaviour of form factors and
Green Functions provide, in the 1/NC expansion, diﬀerent relations between
the couplings. Assuming the usual constraints of Eq. (2.38) [22], one has for
the LS, LP , LkinS and LkinP couplings:








as it has been explained in Section 2.4. High-energy constraints on the λRRi
couplings in the NC → ∞ are shown in Appendix D, see Chapter 4 for more
information. Taking into account that no terms with three resonance ﬁelds
are considered, the following relations are found [54]:
λSS3 = λ
PP
3 = 0 ,











where we have used Eq. (5.2). From Appendix D these results can be obtained
easily, by neglecting the couplings with three resonances:






(b) The asymptotic behaviour of the scalar form factor 〈Si|sj|Sk 〉 gives, see
Eq. (D.119),
λSS3 = 0 . (5.5)
(c) Studying the high-energy behaviour of the scalar form factor 〈P i|sj|P k 〉,
see Eq. (D.124), one gets
λPP3 = 0 . (5.6)
(d) From the ultraviolet limit of the pseudoscalar form factor 〈Si|pj|πk 〉, see





(e) The pseudoscalar form factor 〈Si|pj|P k 〉, see Eq. (D.172), relates λSP1
and λSP2 :
λSP1 = 4 λ
SP
2 . (5.8)
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Though the relations shown in Eqs. (5.2) and (5.3) could be used to simplify
the outcome of the calculations presented in this chapter, we will give the full
results without short-distance constraints built-in so as not to lose generality.
- From the RχT lagrangian in Eq. (5.1), the equations of motion for the pseudo-
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∇µ∇µS = −M2S S + cm χ+ + cd uµuµ + λSS1 {S, uµuµ} + 2λSS2 uµSuµ
+ λSS3 {S, χ+} − λSP1 ∇µ{P, uµ} + iλSP2 {P, χ−} , (5.10)
∇µ∇µP = −M2P P + i dm χ− + λPP1 {P, uµuµ} + 2λPP2 uµPuµ
+ λPP3 {P, χ+} + λSP1 {∇µS, uµ} + iλSP2 {S, χ−} . (5.11)
Like it has been stressed previously, the lack of an expansion coupling or parameter
in RχT hinders a perturbative renormalization like the one applied in χPT. By
studying the vector form factor of the pion at next-to-leading order, in Chapter 3
it was shown that, using dimensional regularization, all the divergences could be
absorbed by the introduction of local operators fulﬁlling the symmetry requirements.
This is a particular case of the well known fact that all divergences are local in a
quantum ﬁeld theory [57], and are given by a polynomial in the external momenta
or masses. Hence it is reasonable to consider the construction of the full set of
operators that renders our LRχT (φ, S, P ) theory ﬁnite up to one-loop. Accordingly
we perform the one-loop generating functional of our lagrangian theory to evaluate
the full set of divergences that arise. This we pursue in the rest of the chapter.
5.3 Generating Functional at One Loop
The generating functional of the connected Green Functions, W [J ], is the logarithm
of the vacuum-to-vacuum transition amplitude in the presence of external sources
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J(x) coupled to bilinear quark currents:




[ dψ ] e i S0[ψ,J ] , (5.12)
where the normalization is such that W [0] = 0 and the ﬁeld ψ is, in our case, short
for the pseudo-Goldstone and resonance mesons. The evaluation of the generating
functional of our lagrangian theory LRχT (φ, S, P ), is readily done with the back-
ground ﬁeld method [58, 59], where the action is expanded around the classical
ﬁelds ψcl. By deﬁning the quantum ﬁeld as ∆ψ = ψ − ψcl, the expansion up to one
loop (L = 1) is given by:
W [J ]L=1 = S0[ψcl, J ] − i log
[ ∫























but for an irrelevant constant. The i, j indices run over all the diﬀerent ﬁelds and





= 0 , (5.14)
that provides the implicit relation ψcl = ψcl[J ] and the equations of motion for the
classical ﬁelds. Solving the remaining gaussian integral in the Euclidean spacetime
and coming back to Minkowsky we have ﬁnally:
W [J ]L=1 = S0[ψcl, J ] + S1[ψcl, J ] , (5.15)
S1[ψcl, J ] =
i
2
log detD(ψcl, J) , (5.16)
where D(ψcl, J) is the quadratic diﬀerential operator speciﬁed by:
〈 x | D(ψcl, J) | y 〉ij = δ





The action at one loop needs regularization and, following the use within χPT, we
will proceed by working in D spacetime dimensions, a procedure that preserves the
relevant symmetries of our theory. Divergences in the functional integration are local
and, within dimensional regularization, can be absorbed through local operators that
satisfy the same symmetries than the original theory [57]. The one-loop renormalized
lagrangian is thus deﬁned by:
L1[ψ, J ] = µD−4
(




D − 4 L
div
1 [ψ, J ]
)
. (5.18)
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In Eq. (5.18) we have split the one-loop bare lagrangian into a renormalized and a
divergent part, and the scale µ is introduced in order to restore the correct dimen-
sions in the renormalized lagrangian for D = 4. The divergent part Ldiv1 contains
the counterterms which exactly cancel the divergences found in the result for the
one-loop generating functional of Eq. (5.15).
Up to one loop L1[ψ, J ] can be written in terms of a minimal basis of N operators
Oi[ψ, J ]. For a non-renormalizable theory, such as RχT, N grows with the number
of loops. Accordingly we expect to ﬁnd in our evaluation of S1[ψ, J ] many more
operators that those in the original tree level theory S0[ψ, J ]. The structure of
these obeys the same construction principles (symmetries) that gave LRχT (φ, S, P )
in Eq. (5.1), though we foresee that higher-order chiral tensors may be involved.
A detailed study of the functional integration shows that the new terms have the
structure χ(4), Rχ(4) or RRχ(4) (with a single or multiple traces) and χ(2), Rχ(2)
and RRχ(2) (with multiple traces)1.
5.3.1 Expansion Around the Classical Solutions
Following the aforementioned procedure we expand the action associated to our
lagrangian LRχT (φ, S, P ) in Eq. (5.1) around the solutions of the classical equations
of motion: ucl(φ), Scl and Pcl. The ﬂuctuations of the pseudoscalar Goldstone ﬁelds
∆i (i = 0, ..., 8), and of the scalar and pseudoscalar resonances εSi and εPi, are
parameterized as2:
uR = ucl e




S = Scl +
1√
2





∆ = ∆iλi/F , εS = εSi λi , εP = εPi λi . (5.20)
In the following we will drop the subindex “cl” for simplicity.
Expanding the lagrangian using Eqs. (5.19) and (5.20) up to terms quadratic
in the ﬁelds (∆i, εSi, εPi) and using the EOM of Eqs. (5.9), (5.10) and (5.11), we
1As it will be emphasized later, in the procedure and due to a necessary ﬁeld redeﬁnition, terms
with more than two resonances will be generated. We attach to our initial scheme and only will
keep terms with up to two resonances.
2This is a convenient choice for the pseudoscalar ﬂuctuation variables in order to simplify several
cumbersome expressions. Notice that, once the “gauge” uR = u
†
L ≡ u is enforced, it implies that
the classical and the quantum pseudo-Goldstone ﬁelds commute: ucl exp(i∆/2) = exp(i∆/2)ucl.
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Derivatives and matrices are deﬁned in Appendix F where it is also shown that in
order to write ∆LRχT in the form displayed above we need to perform two ﬁeld
redeﬁnitions. This procedure generates operators with multiple resonance ﬁelds.
However our theory, as speciﬁed in Section 5.2, does not include operators with
more than two resonances and, for consistency, we shall keep this structure in the
ﬂuctuation lagrangian, thus disregarding operators with three or more resonance
ﬁelds in the following. We will comment later on the consequences of this feature.
It is customary to write the second-order ﬂuctuation lagrangian as:
∆LRχT = − 1
2
η (Σµ Σ
µ + Λ ) η , (5.22)
where η collects the ﬂuctuation ﬁelds, η =
(
∆i, εSj , εPk
)
, i, j, k = 0, ..., 8, η is its
transposed and the rest of deﬁnitions are given in Appendix F.
5.3.2 Divergent Part of the Generating Functional at One
Loop
After we have performed the second-order ﬂuctuation on our lagrangian theory we
come back to our discussion at the beginning of this section in order to identify the




log det (Σµ Σ
µ + Λ ) . (5.23)
We use dimensional regularization to extract the divergence of this expression. As
emphasized in the literature [60] it is convenient to employ the Schwinger-DeWitt
proper-time representation, embedded in the heat-kernel formalism, in order to ex-
tract the residue at the D − 4 pole. Ref. [58] shows that, in fact, symmetry consid-
erations can also provide this information (at least up to one loop).
Hence we get:















+ Sﬁnite1 , (5.24)
where Tr is short for the trace in the ﬂavour space, Yµν denotes the ﬁeld strength
tensor of Yµ in Eq. (F.27):
Yµν = ∂µYν − ∂νYµ + [Yµ, Yν ] . (5.25)
3The intricacies of this evaluation are explained in detail in Appendix F
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The ﬁnite remainder Sﬁnite1 cannot be simply expressed as a local lagrangian, but
can be worked out for a given transition [9, 61].












〈γ′µνγ′µν + 2γµνγµν〉 +
1
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〈d˜µ−bSµd¯ν+bSν + d˜µ−bPµd¯ν+bPν + dˆµbSPµ dˆνbSPν 〉
− 1
12




〈d˜µ−bSµbSPν bP ν − d˜µ−bPµbSPν bS ν + dˆµbSPµ bP νbSν〉
− 1
12




































































where derivatives and matrices are deﬁned in Appendix F and γµν = ∂µγν − ∂νγµ +
[γµ, γν ] (correspondingly for γ
′
µν). Moreover for two vectors Aµ, Bµ we write A[µBν] =
AµBν −AνBµ. This result is completely general for the second-order ﬂuctuation la-
grangian in Eq. (5.21). However, and as explained in Appendix F, the expressions
given there are valid only for operators with up to two resonances as we limit our-
selves in this article.
5.3.3 Result
When worked out, Sdiv1 in Eq. (5.26) can be expressed in a basis of operators that
satisfy the same symmetry requirements than our starting lagrangian LRχT(φ, S, P ).
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A minimal basis of RχT operators that, upon integration of the resonances, con-
tributes to the O(p6) χPT lagrangian, in SU(3), can be found in Ref. [19]. However,
up to now, a basis for the one-loop RχT has still not been worked out. This is pre-
cisely our result generated by Sdiv1 . Hence, at one loop, the RχT lagrangian needed










βRRi ORRi . (5.28)
The Oi operators correspond to those up to O(p4) in U(3)L⊗U(3)R χPT [49]. ORi
and ORRi involve one and two resonance ﬁelds, respectively, together with χ(2) and








































i are the divergent coeﬃcients given by S
div
1 that constitute the
β-function of our lagrangian (we use the terminology of Ref. [55]). The determi-
nation of the latter though straightforward involves a long calculation. In order to
diminish the possibility of errors we have performed two independent evaluations.
One of them has been carried out with the help of the FORM 3 program [62] and
the other with Mathematica [63]. In Table 5.1 we show the Oi operators, together
with their β-function. The operators in this table constitute a minimal basis. The
rest of the result is rather lengthy and is relegated to Appendix G.
5.4 Features and Use of the Renormalized RχT
Lagrangian
In order to understand the aspects and use of the renormalized RχT lagrangian that
we have obtained above, we would like to emphasize here several of its features:
1. In Table 5.1 we have collected the full basis of O(p2) and O(p4) U(3)L⊗U(3)R
χPT operators generated in the functional integration at one loop. We should
recover the result ﬁrst obtained in Ref. [49]. After the comparison is made4 we
agree indeed with their results. Notice though that in order to disentangle the
resonances, it is not enough to withdraw all the resonance couplings. This is
4Notice that the notation of Ref. [49] is diﬀerent to ours though, to ease the comparison, the
order chosen is the same. We always quote our notation for the operators.
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i Oi γi




2 〈χ+ 〉 −2NλPP3 M2P − 2NλSS3 M2S
3 −〈 uµ 〉2 2λPP2 M2P − 1/2M2P (λSP1 )2 + 2λSS2 M2S − 1/2M2S(λSP1 )2 − c2dF−2M2S





5 〈 u · u 〉2 1/2F−4c4d − 1/2λPP1 (λSP1 )2 + (λPP1 )2 − 1/2λSS1 (λSP1 )2 + (λSS1 )2 +
1/8(λSP1 )
4 + 1/16− F−2c2dλSS1 + 1/2F−2c2d(λSP1 )2 − 1/4F−2c2d
6 〈 uµuν 〉2 F−4c4d − λPP2 (λSP1 )2 + 2(λPP2 )2 − λSS2 (λSP1 )2 + 2(λSS2 )2 + 1/4(λSP1 )4 +
1/8− 2F−2c2dλSS2 + F−2c2d(λSP1 )2 − 1/2F−2c2d
7 〈 u · uu · u 〉 1/3NF−4c4d − 1/2NλPP1 (λSP1 )2 + N(λPP1 )2 − 1/2NλSS1 (λSP1 )2 +
N(λSS1 )
2 + 1/12N(λSP1 )
2 + 1/12N(λSP1 )













2 + 1/8N + NF−2dmcdλSP1 + NF
−2cdcm(λSP1 )
2 −
1/2NF−2cdcm −NF−2c2dλSS3 − 1/4NF−2c2d









2 + F−2cdcm − 1/4F−2c2d − F−2c2m




2 + NλSP1 λ
SP
2 − 1/8N(λSP1 )2 −
2N(λSP2 )
2+NF−2dmcdλSP1 −NF−2d2m(λSP1 )2−1/4NF−2c2d−NF−2c2m
13 −i 〈 fµν+ uµuν 〉 −1/6N(λSP1 )2 + 1/4N − 1/3NF−2c2d
14 1/4〈 f+2µν − f− 2µν 〉 −1/4N + 1/6N(λSP1 )2 + 1/3NF−2c2d
15 1/2〈 f+2µν + f− 2µν 〉 −1/8N − 1/12N(λSP1 )2 − 1/6NF−2c2d
16 1/4〈χ2+ − χ2− 〉 2NF−4c2dc2m + 2N(λPP3 )2 + 2N(λSS3 )2 + 1/8N + 8F−2NdmcmλSP1 +
2NF−2d2m − 3NF−2cdcm + 2NF−2c2m(λSP1 )2 − 2NλSP1 λSP2 +
1/4N(λSP1 )
2 + 4N(λSP2 )
2 − 2NF−2dmcdλSP1 + 2NF−2d2m(λSP1 )2 +
1/2NF−2c2d + 2NF
−2c2m




2 − 1/2(λSP1 )4 + 1/4 + 2F−2c2dλSS1 + 2F−2c2dλSS2 − F−2c2d
18 〈 uµ 〉〈 uµχ+ 〉 −2F−4c3dcm + 4λPP2 λPP3 − λPP3 (λSP1 )2 + 4λSS2 λSS3 − λSS3 (λSP1 )2 − 1/4−
2F−2dmcdλSP1 −2F−2cdcm(λSP1 )2+F−2cdcm−2F−2c2dλSS3 +1/2F−2c2d
Table 5.1: Operators involving only pseudo-Goldstone bosons and external currents and
their β-function coeﬃcients at one loop, when both scalar and pseudoscalar resonances
are included.










Figure 5.1: One-loop contributions to the Πij
SS
(q2) correlator in the chiral limit when
only scalar resonances are included. A single line stands for a pseudo-Goldstone
boson while a double line indicates a scalar resonance. Their result is divergent.
because the derivative terms in Lkin(S, P ), which do not carry any resonance
coupling, also contribute through the functional integration to several of the
operators, namely O4, O7, O13, O14 and O15 in Table 5.1. We have conﬁrmed
that Lkin(S, P ) gives precisely the diﬀerence between our coeﬃcients γ4, γ7,
γ13, γ14, γ15 and those of Ref. [49] once the resonance couplings have been
switched oﬀ.
2. In the procedure we have employed to evaluate the functional integration of
LRχT up to one loop we have withdrawn those operators with three or more
resonance ﬁelds and kept up to two resonances. A cut in the number of res-
onances is necessary because to reach the Gaussian expression in Eq. (5.22)
we need to perform several ﬁeld transformations (see Appendix F) that gen-
erate operators with more resonance ﬁelds which in turn require additional
ﬁeld transformations and so on. One of the diﬀerences of RχT with respect to
χPT (in the strong [8, 9, 10] or electroweak interaction [64] form of the latter)
is that we do not have an expansion parameter into the lagrangian that can
provide a natural cut for higher order terms in these ﬁeld transformations.
Notice that the cut in the number of resonances seems to hinder our result, as
it does not allow us to renormalize divergent one loop diagrams with three or
more resonance ﬁelds as external legs. However we would not expect to treat
these loops as we are not including, in our leading order lagrangian, interacting
terms with three or more resonance ﬁelds.
To end this section we would like to show a simple example of the application of our






d4x eiq·x 〈0|T{Si(x)Sj(0)}|0〉 , Si(x) = q(x)λiq(x) , (5.30)
in the chiral limit and when only scalar resonances are considered. The divergent
loop diagrams contributing are those depicted in Fig. 5.1. In order to cancel the








Figure 5.2: Counterterm contributions that renormalize the one-loop result of 5.1.
A double line stands for a scalar resonance.
divergences one needs to add the counterterm contributions in Figure 5.2, where
diagram C1 is given by O12 + 2O16 = 〈χ2+〉 in Table 5.1, C2 by OR4 = 〈Sχ+〉 in
Table G.1 of Appendix G and C3 by ORR1 = 〈SS〉 in Table G.2 of Appendix G, once
the pseudoscalar resonance couplings are disconnected. The cancellation works as
follows: one part of the contribution of C1 cancels completely the divergence in the
loops L1+L2. Another piece of C1 together with C2 eliminates the divergence coming
from L3 and, ﬁnally, all remaining contributions of C1 and C2 add to C3 in order to
render L4 ﬁnite. Notice that, as there are no nonlocal divergences, the contributions
of one-particle-reducible diagrams are brought ﬁnite once one-particle-irreducible
diagrams have been properly renormalized.
5.5 Running of the couplings and short-distance
behaviour
5.5.1 Running of the couplings




i couplings through the renor-








and, analogously, for βRi and β
RR
i . This result can be potentially useful if we are
interested in the evaluation of the resonance couplings at this order. Though µ
is known to be of the order of a typical scale of the physical system, let us say
µ0 = MS or µ0 = MP , there always remains some ambiguity on the precise value of
µ0 at which the low-energy couplings are determined at leading-order in the 1/NC
expansion. The running provides an estimate of the reliance of such determinations.
If the coupling under request varies drastically with the scale it is clear that the
value obtained has a large uncertainty, while if it has a smooth dependence on the
scale the determination is more reliable. Note that the running is a next-to-leading
order eﬀect.
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In the case of RχT with only scalar and pseudoscalar resonance ﬁelds the Wein-
berg’s dimensional analysis of Eq. (1.23) holds5, once one assumes that the masses
of the resonances are of O(p) in the chiral counting and they appears explicitly in
the lagrangian, unlike the pseudo-Goldstone bosons, whose masses are taking into
account trough the chiral tensors χ±. Therefore, as it has been pointed out in
Section 5.3, the terms needed to renormalize the theory at subleading order in the
1/NC expansion are constructed with up to two resonances and chiral tensors up




factor respectively are required in the divergent pieces in order to fulﬁll
the “generalized” chiral counting.
This has an a priori surprising consequence: there are counterterms associated
with the operators of L(2)pGB. In other words, the structure of L(2)pGB changes when
one goes beyond the leading order:
L(2)pGB = α1〈 uµuµ 〉+ α2〈χ+ 〉 , (5.32)































2 = 1. Notice
that the suppression of higher terms in the 1/NC expansion is explicitly shown, since
F ∼ O(√NC) and MR ∼ O(1). At next-to-leading order only the coeﬃcients until
n = 1 must be considered.
5.5.2 Vanishing β-functions and short-distance behaviour
Within this issue it is interesting to take a closer look to the running of the cou-
plings in L(2)pGB and L(4)pGB, corresponding to the Oi operators involving only pseudo-
Goldstones. The corresponding β-function coeﬃcients are γi, see Table 5.1.
An interesting aspect is the interval over which µ runs. It is well known [57] that
the couplings are only relevant at the scale of the momenta involved in the processes
(in order to diminish the role of the logarithms). In our case µ ∼ MS, MP . Thus
we do not expect a large running for the scale, namely a few hundreds of MeV. This
last conclusion brings us to the next point. At next to leading order in 1/NC we can
ignore the running on the couplings appearing in γi, since the running, as expected,
5This is not longer true in the case of vector and axial-vector resonances due to the propagator
structure. Keep in mind the necessity of L˜(6)pGB in order to renormalize the vector form factor at
next-to-leading order in Chapter 3. In Eq. (3.35) one can see that only contributions from spin-1
resonances are responsible for these kind of divergences.
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is a next-to-leading order eﬀect in the 1/NC expansion
6. Hence we can input the
leading order values for the couplings, given by Eqs. (5.2) and (5.3), to obtain the
leading logarithm in the evolution of these couplings. It is remarkable that, at this
order, Eq. (5.31) predict a vanishing β-function for O2, O8, O9, O10, O11, O12, O16
and O18, i.e. all those operators involving χ+ and/or χ−. If the Large-NC estimates
for the couplings are to be reliable we come to the conclusion that the predictions
for these couplings are rather robust.
This feature must be explained. Notice that this behaviour was predicted for L˜8
in Chapter 4, relating it to short-distance constraints.
This result can be understood by following the optical theorem and taking into
account the short-distance constraints that have been used. The imaginary part
of any Feynman diagram can be obtained by cutting through the diagrams in all
possible ways such that the cut propagators can simultaneously be put on shell,
that is, by replacing 1/(p2 −m2 + iε) → −2πiδ(p2 −m2) in each cut propagator.
Then one should perform the loop integrals and ﬁnally sum the contributions of all
possible cuts.
To understand it we can start by considering again the one-loop renormalization
of the two-point function of scalar currents, deﬁned in Eq. (5.30). We can use the
cutting rules to calculate the spectral function of the correlator, as it was explained
in Chapter 4. There are only four possible cuts: two pseudo-Goldstone, one pseudo-
Goldstone and one pseudoscalar resonance, and two scalar or pseudoscalar resonance
ﬁelds. The optical theorem allows to use the constrained form factors reviewed in
Section 5.2 and analyzed in great detail in Section D.3 of Appendix D. Taking into
account that for these contributions the highest behaviour at large energies could
be O(q0), the suppression ruled by the constrained form factors leads to an O(q−4)
behaviour at large energies.
The following step consists of relating the spectral function to the divergent part
of the contributions, which is responsible of the µ dependence on our couplings. We
see that the relevant discontinuities can come only from two-point Feynman inte-
grals. In Appendix B it can be seen that the divergent piece and the imaginary part
have always the same asymptotic behaviour. In other words, the same suppression
must happen for the divergent piece. The one-point Feynman integral is not impor-
tant for this purpuse, because although it has not discontinuities, its behaviour at
large energies is always lower than the two-point functions, as it does not depend
on q2.
The needed counterterms contributions that renormalize the one-loop result are
depicted in Figure 5.2. As it was explained at the end of Section 5.4, diagram
C1 is given by O12 + 2O16 = 〈χ2+〉, C2 by OR4 = 〈Sχ+〉 and C3 by ORR1 = 〈SS〉.
In Table 5.1 and in Appendix G the β-function coeﬃcients of the corresponding
vertices are available. C1, C2 and C3 give a behaviour at large energies of O(q0),
O(q−2) and O(q−4) respectively. Considering the suppression explained before, C1
is not needed to renormalize the process. So, as we have obtained and following our
6This fact is clear taking into account that F , FV , GV , FA, cd, cm and dm are of O(
√
NC) and
λR1R2i and MR of O(1).


























Figure 5.3: One-loop diagrams which are renormalized withORR180 (ﬁrst line), ORR316−318
(second line) and ORR190−191 (third line).
notation, γ12+2γ16 vanish once the short-distance contrainsts of Eqs.(5.2) and (5.3)
are implemented.
Therefore, the process is very easy. The commented suppression will be observed
in those processes where the scalar and/or pseudoscalar form factor play a role,
understanding now why the operators involving χ+ and/or χ− of Table 5.1 do not
run at one loop.
Following these ideas one can understand most of the found suppressions:
1. Two-point function of scalar current. The aﬀected counterterms by the sup-
pression are the following: O10 = 〈χ+ 〉2 and O12 + 2O16 = 〈χ2+〉. Then, one
gets γ10 = γ12 + 2γ16 = 0.
2. Two-point function of pseudoscalar current. Aﬀected counterterms by the
suppression: O11 = 〈χ− 〉2 andO12−2O16 = 〈χ2− 〉. Then, γ11 = γ12−2γ16 = 0.
3. Scalar Form Factor 〈 πi|sj|πk 〉. Aﬀected counterterms by the suppression:
O8 = 〈χ+ 〉〈 uµuµ 〉, O9 = 〈χ+uµuµ 〉 and O18 = 〈 uµ 〉〈 uµχ+ 〉. Then, γ8 =
γ9 = γ18 = 0.
4. Scalar Form Factor 〈P i|sj|πk 〉. Aﬀected counterterms by the suppression:
OR52 = 〈χ+{uµ,∇µP} 〉, OR53〈 uµχ+ 〉〈∇µP 〉,OR54 = 〈χ+ 〉〈 uµ∇µP 〉 and OR55 =
〈χ+∇µP 〉〈 uµ 〉. Then, γR52 = γR53 = γR54 = γR55 = 0.
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5. Pseudoscalar Form Factor 〈Si|pj|πk 〉. Aﬀected counterterms by the suppres-
sion: OR32 = i〈χ−{uµ,∇µS} 〉, OR33 = i〈 uµχ− 〉〈∇µS 〉, OR34 = i〈χ− 〉〈 uµ∇µS 〉
and OR35 = i〈χ−∇µS 〉〈 uµ 〉. Then, γR32 = γR33 = γR34 = γR35 = 0.
We cannot consider the form factors to two resonance ﬁelds because they involve
other cuts that have been not analyzed asymptotically.
Following these ideas we have been able to explain 15 vanishing β-functions. In
total 28 vanishing ones have been found, so 13 are not so clear. In any case, in
6 of these 13 we can conjecture that an accidental suppression happens because
the structure of the loops is very similar to the loops that appeared in the con-
strained form factors, so that the high-energy constraints can lead to the found
suppression: ORR180 = i〈 fµν+ ∇µP∇νP 〉 is a counterterm for 〈P i|vµ j|P k 〉; ORR316 =
〈 fµν− {∇µP,∇νS} 〉, ORR317 = 〈∇µP 〉〈 fµν− ∇νS 〉 and ORR318 = 〈∇µS 〉〈 fµν− ∇νP 〉 are
counterterm for 〈Si|aµ j |P k 〉; ORR190 = 〈Pfµν+ Pf+µν 〉 and ORR191 = 〈PPfµν+ fµν + 〉 are
counterterms of 〈P i|vµ jvν k|P l 〉. The corresponding loop contibutions are shown in
Figure 5.3 and the cancellation between these pairs of loops can be checked in Ta-
ble G.2 of Appendix G, taking into account the relevant couplings for each diagram.
In the case of 6 of the other 7 vanishing β-function we can conclude nothing
following the same procedure, since not all the operators with the same structure
have a vanishing β-function. For instance, the coupling related to the operator
OR26 = 〈 uνSuνχ+ 〉 has not running, while it does not happen the same with OR25
and OR27−31, all of them constructed with the same operators.
The case of O2 = 〈χ+ 〉 is a diﬀerent question. As a consequence of impos-
ing the correct short-distance behaviour of the scalar form factors 〈Si|sj |Sk 〉 and
〈P i|sj|P k 〉, one has λSS3 = λPP3 = 0, so that, for instance, there are not divergences
of 〈 0|si|0 〉 that can be renormalized by the counterm O2. Therefore, following the
notation of Eq.(5.33), α2 does not run at one-loop level.
As we have pointed out above, the case of vector and axial-vector resonances is
diﬀerent because the structure of the propagators breaks down the Weinberg chiral
counting. In any case, if the procedure of Chapter 4 is followed, there is no problem
because the interest is directly in the imaginary part and not in the form factors, so
the needed suppression is obtained. Therefore, extrapolating this behaviour to all
the resonance ﬁelds and studying all form factors, these vanishing β-functions will be
obtained in many more cases. Furthermore, if the behaviour of diﬀerent scatterings
were studied at large energies, the same could happen with operators that are not
related to external currents. Eventually one could expect to obtain γi = 0 for
all i, that is, all operators involving only pseudo-Goldstone bosons and external
currents would have vanishing β-function, what would be very interesting in order
to understand the saturation, since L˜i could vanish without problems, allowing an




RχT provides a consistent framework to study the energy region of the hadronic
resonances, MV <∼ E <∼ 2 GeV. It embodies a phenomenological lagrangian where
pseudo-Goldstone bosons and resonances ﬁelds are kept as active degrees of freedom;
this is the key ingredient for the application of the large-NC expansion. Recently,
and after its multiple explorations at tree level, it has emerged some interest in the
application of RχT at one loop level mainly to understand how the features of QCD
are implemented into the theory.
In this chapter we have systematically obtained, by using the background ﬁeld
method and for the ﬁrst time, both the full basis of operators and the β-function co-
eﬃcients that render ﬁnite, up to one loop, our initial lagrangian LRχT in Eq. (5.1).
This would correspond to the next-to-leading order in the 1/NC expansion but in-
cluding one multiplet of scalar and pseudoscalar resonances only. Our main result




i parameters in Eq. (5.29). The outcome is
relevant for the study of those diagrams involving a loop with up to two resonances
and any number of pseudo-Goldstone bosons in the legs.
The β-function coeﬃcients are crucial in order to study the running of the cou-
plings, see Eq. (5.31). In Section 5.5.2 we have studied this running once the short-
distance constraints have been implemented. We have found 28 coeﬃcients without
running and we have been able to explain this result taking into account the consid-
ered short-distance constraints coming from the form factors. Specially important
it is the fact that all the couplings L˜i of L(4)pGB that contain χ+ and/or χ− do not
run. This is very interesting in order to understand an easy resonance saturation
of the couplings of LχPT4 , since the running of L˜i would make diﬃcult to consider a
saturation of these couplings at next-to-leading order in the 1/NC expansion.
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Conclusions
Una vegada hom accepta que la Teoria Quiral de Ressona`ncies e´s una modelitzacio´
bona de QCD a energies interme`dies, Mρ <∼ E <∼ 2 GeV, i la necessitat de considerar
correccions qua`ntiques, l’objectiu d’aquesta tesi ha estat fer un pas endavant en
aquesta direccio´. E´s important subratllar que, a difere`ncia del que ocorre amb
molts altres models de QCD que inclouen ressona`ncies i han estat emprats en la
bibliograﬁa, RχT sols utilitza informacio´ provinent de QCD, sense me´s suposicions
ad hoc.
Com s’ha justiﬁcat en la introduccio´, ens semblava una bona idea comenc¸ar
aquest camı´ fent un ca`lcul d’una amplitud f´ısica ben determinada a nivell subdomi-
nant en l’expansio´ en 1/NC [26]. Per la seua senzillesa i importa`ncia fenomenolo`gica,
va`rem triar el factor de forma vectorial del pio´. Com a punt de partida tambe´ hem
considerat adient emprar el lagrangia` “histo`ric”, e´s a dir, el lagrangia` de la Ref. [17],
on u´nicament es consideren les interaccions lineals en els camps de les ressona`ncies.
Aquesta tasca es desenvolupa en el cap´ıtol 3; els principals resultats del qual so´n:
1. Com era esperat, els diagrames de Feynman amb bucles que inclouen res-
sona`ncies massives en les l´ınies internes generen diverge`ncies ultraviolades, que
requereixen contratermes addicionals per tal de fer la teoria ﬁnita. Com que
aquests contratermes, constru¨ıts amb tensors quirals d’O(p4), donen lloc a con-
tribucions a ordre arbre que creixen massa ra`pidament amb el moment, els seus
acoblaments han de ser zero a nivell dominant en l’expansio´ en 1/NC . Llavors,
hom pot establir un bon contatge en pote`ncies d’1/NC per tal d’organitzar el
ca`lcul.
La renormalitzacio´ a un bucle segueix un procediment clar. D’aquesta manera
es pot trobar la depende`ncia en l’escala µ dels acoblaments rellevants. A me´s a
me´s, e´s interessant ressaltar que solament algunes combinacions d’acoblaments
quirals apareixen en el resultat ﬁnal. En realitat, utilitzant les equacions de
moviment, hom pot eliminar la majoria dels nous acoblaments subdominants:
llurs efectes so´n reabsorvits mitjanc¸ant redeﬁnicions dels acoblaments del la-
grangia` LpGB, i.e. amb peces que no tenen ressona`ncies.
2. Expandint el resultat en pote`ncies de q2/M2R, es recupera el resultat de χPT
a baixes energies. Ac¸o` permet relacionar els acoblaments quirals 6 i rV 2 amb
les seues corresponde`ncies en RχT ˜6 i r˜V 2.
El control rigoro´s de la depende`ncia d’escala permet investigar la saturacio´
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a nivell subdominant en l’expansio´ en 1/NC. Es comprova que suposar que
˜6 = r˜V 2 = 0 genera excel·lents prediccions per a r6(µ) i rrV 2(µ) a qualsevol
escala µ. E´s important assenyalar la importa`ncia d’aquest resultat, ja que
malgrat que s’ha analitzada la saturacio´ del lagrangia` LχPT4 per les contribu-
cions amb ressona`ncies a ordre arbre [17, 18], aquest e´s el primer treball que
estudia aquest proce´s incloent diagrames amb un bucle, alhora que analitzant
les diverge`ncies ultraviolades i la seua renormalitzacio´ corresponent.
De me´s a me´s, la importa`ncia de determinar les contribucions de les res-
sona`ncies als acoblaments quirals de χPT a nivell subdominant en l’expansio´
en 1/NC e´s clara, ja que es mante´ un control de la depende`ncia en l’escala de
renormalitzacio´, i s’eviten les incerteses que apareixen quan no s’han considerat
bucles i que es deuen al corriment dels acoblaments analitzats. Aquest primer
treball e´s un primer pas cap a la determinacio´ sistema`tica de les contribucions
subdominants en els acoblaments de la Teoria de Pertorbacions Quirals.
3. A altes energies hem trobat un comportament problema`tic, originat en el tall
amb dues ressona`ncies: es genera un increment del factor de forma en el l´ımit
d’un moment transferit gran que viola l’empalmament amb QCD.
Me´s important que haver trobat el problema ha estat haver identiﬁcat la causa i
haver-ne donat la solucio´. No e´s sorprenent aquest resultat, tenint en compte
que hi ha contribucions addicionals generades per termes d’interaccio´ amb
me´s d’una ressona`ncia, que no estaven en el lagrangia` de partida. Dit d’altra
manera, mentre que no es consideren totes les interaccions permeses per les
simetries, no podrem assegurar que es trobe un resultat f´ısic del factor de
forma del pio´. A me´s a me´s, en analitzar el comportament a altes energies, en
efecte, es troben certes combinacions d’aquests nous acoblaments.
Fet i fet, el cap´ıtol 4 [29, 30] e´s en deﬁnitiva una continuacio´ pel camı´ que deixa
obert els resultats del cap´ıtol 3. Una vegada s’accepta la necessitat de considerar
totes les interaccions amb me´s d’un camp de ressona`ncia si es volen empalmar els
nostres resultats efectius amb els de QCD, es volen estudiar els lligams que han
de satisfer aquests nous acoblaments introdu¨ıts. Com s’ha explicat repetidament
al llarg d’aquest treball, e´s fonamental tenir clar quins so´n els lligams que s’han
d’acomplir: l’empalmament e´s un punt clau en el nostre enfocament efectiu.
Molts del lligams dels acoblaments de RχT ve´nen d’estudiar les funcions de Green
dels corrents de QCD a gran NC , mitjanc¸ant l’expansio´ pertorbativa OPE. Els altres
lligams es troben estudiant els factors de forma dels corrents hadro`nics: s’exigeix
que s’anul·len en el l´ımit q2 →∞ [28]. Encara que aquest comportament e´s clar en
el cas de pseudo-bosons de Goldstone i fotons, en el cas de ressona`ncies com a estats
asimpto`tics no e´s tan evident. El cap´ıtol 4 intenta justiﬁcar la necessitat d’estudiar
el comportament a altes energies de tots aquests factors de forma. L’ana`lisi es fa
mitjanc¸ant les funcions de Green de dos punts a nivell subdominant en l’expansio´ en
1/NC. Aix´ı, s’estudien a nivell arbre tots els factors de forma a dos cossos que poden
trobar-se en el sector de paritat intr´ınseca parella de la Teoria Quiral de Ressona`ncies
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sota l’aproximacio´ d’una u´nica ressona`ncia. Els lligams i les estructures dels diferents
factors de forma es mostren en l’ape`ndix D.
La idea e´s molt senzilla i es pot entendre fa`cilment mitjanc¸ant un exemple: el
correlador Π
V V
(q2) te´ un mal comportament en el tall de dues ressona`ncies escalars
o pseudoescalars si u´nicament es considera el lagrangia` de la Ref. [17]. En aquest cas
existeix una contribucio´ a consequ¨e`ncia dels termes cine`tics, deguda a la connexio´
de la derivada covariant. Aquest mal comportament pot ser solucionat si afegim al
lagrangia` una nova pec¸a,
∆L = i λV RR〈 V µν ∇µR∇νR 〉 , (R = S, P )
de tal manera que si λV RR =
√
2/F , es recupera un bon comportament a altes
energies. Aquest lligam e´s el trobat en analitzar el factor de forma vectorial corres-
ponent.
Dels resultats de l’ape`ndix D cal subratllar que no hi apareixen nous lligams de
l’ana`lisi dels factors de forma que inclouen un foto´ com a estat ﬁnal, e´s a dir, l’ana`lisi
dels factors de forma amb dos mesons en les potes externes subministra el conjunt
me´s redu¨ıt de lligams. Aixo` no e´s estrany tenint en compte la relacio´ entre les res-
sona`ncies vectorials i els fotons deguda als seus nombres qua`ntics. Tambe´ e´s impor-
tant fer notar que es troben certes inconsiste`ncies entre els lligams en el cas del sector
d’spin 1, consequ¨e`ncia del tall en el nombre de ressona`ncies. Aquest tall impedeix
una recuperacio´ total dels resultats de QCD. En aquest cas les inconsiste`ncies poden
ser salvades incloent-hi un segon multiplet, com suggeriria l’aproximacio´ hadro`nica
mı´nima.
De la mateixa manera que haver considerat els factors de forma amb ressona`ncies
en les potes externes a nivell arbre soluciona el comportament asimpto`tic de les
funcions de Green a dos punts a un bucle, aquests lligams so´n necessaris per ca`lculs
d’altres observables a nivell subdominant, com ara el factor de forma vectorial. E´s a
dir, s’han de tenir amplituds amb ressona`ncies com a estats externs ben comportades
a nivell arbre si es volen portar a terme ca`lculs a un bucle.
Com a aplicacio´ fenomenolo`gica d’aquests resultats, i seguint les idees del cap´ıtol 3,
hem estudiat el correlador Π
S−P (q
2) per tal de donar la prediccio´ subdominant de
Lr8(µ). Cal emfatitzar les segu¨ents caracter´ıstiques:
1. Les diferents funcions espectrals de cada tall so´n obtingudes mitjanc¸ant el
teorema o`ptic. Per una altra banda, a partir de la part imagina`ria podem
trobar el resultat total fent u´s de les regles de dispersio´ que s’expliquen en
l’ape`ndix E.
2. De les regles de suma de Weinberg per al correlador Π
S−P (q
2) sabem que
aquest e´s d’O(1/q4) a altes energies. Els lligams obtesos a partir de l’ana`lisi
dels factors de forma ens donen un correlador que s’anul·la a curtes dista`ncies,
pero` ho fa a O(1/q2). Aixo` no e´s cap problema, tenint en compte que els
nostres lligams ho so´n en el l´ımit NC → ∞, o siga, encara tenim llibertat
en la part subdominant d’aquells acoblaments que apareixen a ordre arbre
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en aquest ca`lcul, cm i dm. Aix´ı, exigint un comportament d’O(1/q4) a altes
energies, s’arriba a la segu¨ent relacio´:
F 2 (1 + δ(2)
NLO
) − 8cr 2m + 8 dr 2m = 0 ,
F 2 M2S δ
(4)
NLO
− 8cr 2m M r 2S + 8 dr 2m M r 2P  0 ,
que so´n paral·leles a les relacions que s’obtenen en el l´ımit NC → ∞: F 2 −
8c2m + 8d
2




P − 8c2mM2S  0.
3. Les integrals de dispersio´ mostren que no so´n necessa`ries les peces locals sense
ressona`ncies una vegada s’han considerat factors de forma ben comportats a
altes energies. Amb altres paraules, L˜r8 = 0, la qual cosa condueix a una
saturacio´ a nivell subdominant ben entesa.
4. Tenint en compte els resultats de QCD a gran NC , el ca`lcul esta` fet en el cas
de U(3), per la qual cosa s’ha de considerar l’empalmamaent entre Lr8 en U(3)
i SU(3) respectivament.
5. Gra`cies a la invaria`ncia quiral en RχT, l’estructura de χPT es recupera en el
l´ımit de baixes energies del nostre resultat. Aix´ı, el tall amb un π i una η do´na
el terme quiral no anal´ıtic que va amb un log(−q2), reproduint la depende`ncia
en l’escala de renormalitzacio´ que apareix en el cas de χPT entre el log(−q2/µ2)
i Lr8(µ). La resta dels talls absortius genera termes anal´ıtics en q
2 i per tant
u´nicament contribucions als acoblaments quirals de baixes energies.
Per poder donar una prediccio´ nume`rica ens quedem u´nicament amb els talls
ﬁns a una ressona`ncia, perque` en el talls amb dues, tot i haver ﬁxat moltes
relacions entre acoblaments, resten encara para`metres per determinar. Com
s’explica al llarg del treball, les contribucions que ve´nen de talls amb llindars
me´s alts so´n cada vegada menors.
Amb tots aquests ingredients, es troben les contribucions amb ressona`ncies a
L8 a nivell subdominant,
Lr8(µ0) = (0, 6± 0, 4) · 10−3 ,
on µ0 = 770 MeV, que pot ser comparat amb el resultat experimental L
r
8(µ0) =
(0, 9± 0, 3) · 10−3 [17]. Com que la depende`ncia en l’escala de renormalitzacio´
esta` sota control en la nostra prediccio´, la incertesa que genera aquesta ha
desaparegut. La major part de l’error ve´ de la ignora`ncia dels valors de les
masses de les ressona`ncies escalar i pseudoescalar en el l´ımit quiral. La reduccio´
de l’error d’aquestes masses milloraria enormement la precisio´ de la nostra
prediccio´.
Arribats a aquest punt, creiem que ja cal abordar la renormalitzacio´ de la Teoria
Quiral de Ressona`ncies de manera completa, de la mateixa manera que va ser duta
a terme per Gasser i Leutwyler en el cas de la Teoria de Pertorbacions Quiral [9].
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E´s a dir, emprant el me`tode del camp de fons [58, 59], hom pot trobar tots els
operadors necessaris per tal de renormalitzar la teoria efectiva, juntament amb el
corriment dels coeﬁcients de cada nou operador. Ara be´, les diﬁcultats te`cniques
so´n evidents en aquest cas: el nombre de graus de llibertat e´s molt me´s gran una
vegada les ressona`ncies estan incloses, al mateix temps que el nombre de termes del
lagrangia` dominant tambe´ e´s molt gran. Consequ¨entment, el nombre d’operadors
nous e´s molt gran, a banda de les diﬁcultats te`cniques per assolir el resultat.
Per tot aixo`, en el cap´ıtol 5 [54], com a primer ca`lcul en aquesta direccio´, es
considera el cas en que` u´nicament tenim ressona`ncies escalars i pseudoescalars, a
me´s de considerar solament ﬁns acoblaments bilineals en el nombre de camps de
ressona`ncies. D’aquesta manera, es troba la llista dels termes necessaris per fer
la teoria ﬁnita, juntament amb les funcions beta corresponents. Cal destacar les
segu¨ents caracter´ıstiques del resultat:
1. A partir del resultat trobat pot recuperar-se el corriment dels acoblaments de
LχPT4 en el cas de χPT en U(3).
2. E´s molt important cone´ixer el corriment dels acoblaments a l’hora d’extraure
el seu valor de la fenomenologia. Un dels principals proﬁts del nostre ca`lcul e´s
en realitat aixo`.
3. Com que, a difere`ncia del cas de χPT, les masses de les ressona`ncies estan
incloses directament com a para`metres, hi ha diverge`ncies que seran renorma-
litzades amb el lagrangia` dominant de partida.
4. Una vegada han estat considerats els lligams asimpto`tics que ve´nen d’estudiar
a curtes dista`ncies els possibles factors de forma escalars i pseudoescalars, no
s’han trobat diverge`ncies que vagen amb operadorsOi, que impliquen solament
els pseudo-bosons de Goldstone i els corrents externs, que inclouen χ+ o χ−.
Aixo` no e´s estrany tenint en compte el mal comportament a altes energies
que donen en general els acoblaments de L(4)pGB. E´s a dir, una vegada hom
treballa amb factors de forma ben comportats, no hi ha diverge`ncies “mal





Although the antisymmetric tensor formalism for spin 1 massive ﬁelds was already
proposed at the end of 60’s [65], its use was not regular until it was rediscovered in
Ref. [9] in order to introduce the ρ resonance ﬁeld in the chiral lagrangian, Ecker et
al. turned it into the usual way to work with spin-1 resonances in RχT [17].
In Ref. [66] it was proved that for antisymmetric tensor ﬁelds with mass there
are (up to multiplicative factors and a total four divergence) only two possible
lagrangians of second order in derivatives, if one assumes the existence of a Klein-
Gordon divisor. They correspond to having either the Lorentz condition or else a
Bianchi identity satisﬁed by the ﬁelds. In the case of describing spin 1 particles, one
has these two possibilities, where φµν = −φνµ,
1. The subsidiary condition is the Bianchi identity, i.e. 	µλρσ∂λφρσ = 0, and φik
are frozen, so the dynamical degrees of freedom are φi0, where i runs over
i = 1, 2, 3. Notice that there are 3 degrees of freedom, as it should be.
2. The subsidiary condition is now the Lorentz condition, that is, ∂ρφρν = 0, and
φi0 are frozen, so the three degrees of freedom are φij .
Because of historical reasons, the ﬁrst option has been chosen. In this case the free









from where the equations of motion are
∂µ∂σφ
σν − ∂ν∂σφσµ + M2φµν = 0 . (A.2)
With the deﬁnition φµ = ∂
νφνµ/M one obtains from Eq. (A.2) the familiar Proca
equation
∂ρ (∂
ρφµ − ∂µφρ) + M2φµ = 0 . (A.3)
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From the lagrangian of Eq. (A.1) one derives the free propagator

























gµρqνqσ − gρνqµqσ − q2gµρgνσ − (ρ↔ σ)
)
, (A.5)
and superindexs L and T refer to longitudinal and transversal respectively. Let us
consider as “generalized identity” the Iµν,ρσ tensor,
Iµν,ρσ = 1
2
(gµρgνσ − gµσgνρ) , (A.6)
since any antisymmetric tensor Aµν = −Aνµ satisﬁes that
A · I = I · A = A . (A.7)
ΩTµν(q) and Ω
L
µν(q) satisfy the properties of the projectors:
ΩT + ΩL = I ΩT · ΩL = ΩL · ΩT = 0 ,
ΩT · ΩT = ΩT , ΩL · ΩL = ΩL . (A.8)
The propagator of Eq. (A.4) has the normalization
〈 0|φµν |φ, p 〉 = i
M
[pµ	ν(p) − pν	µ(p)] , (A.9)
where 	µ(p) is the polarization vector.
Advantages Using the Antisymmetric Formalism
There are diﬀerent ways to include massive spin-1 ﬁelds in eﬀective lagrangians,
mainly the Proca and the antisymmetric tensor formalisms. In Ref. [18] it was anal-
ysed this ambiguity in the context of χPT to O(p4). It was shown that, provided
the consistency with QCD asymptotic behaviour is incorporated, the structure of
the eﬀective couplings induced by vector and axial-vector exchange is model inde-
pendent.
In the case of the antisymmetric tensor formalism no local terms, of the LpGB,
constructed with chiral tensors of O(p4) or higher are required to fulﬁll the short-
distance behaviour of QCD, that is, L˜i = 0, where L˜i are the couplings in Resonance
Chiral Theory, while Li are used for the χPT case, when resonances have been
integrated out.
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(LProcakin (R) + LProcaint (R)) , (A.10)
where the lagrangian has been split in a kinetic and an interaction piece,
LProcakin (R) = −
1
4
〈 RˆµνRˆµν − 2M2RRˆµRˆµ 〉 (R = V,A) ,






fV 〈 Vˆ µνf+µν 〉 + igV 〈 Vˆµν [uµ, uν] 〉
)
+ . . . ,
LProcaint (A) = fA〈 Aˆµνf−µν 〉 + . . . , (A.11)
and the dots refer to terms not relevant for the Green Functions that are analysed
at large energies. Finally the following deﬁnition has been used,
Rˆµν = ∇µRˆν − ∇νRˆµ . (A.12)
Imposing a reasonable short-distance behaviour for the two-point function built from
a left- and a right-handed vector quark current, the pion form factor and the elastic


























f 2A , (A.13)
while the rest vanish. Therefore the convenience of the antisymmetric formalism is
manifest.
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Appendix B
Feynman Integrals























































[(p1 − k)2 + i	−M2a ][(p2 + k)2 + i	−M2b ](k2 + i	−M2c )
, (B.3)
with D the space-time dimension, q ≡ p1 + p2 and, with massless outgoing pions,
p21 = p
2
2 = 0. The divergences are collected in the factor
λ∞ ≡ 2µ
D−4
D − 4 + γE − log 4π − 1 , (B.4)
being γE  0.5772 the Euler’s constant and µ the renormalization scale.




























[q2 + λ1/2(q2,M2a ,M
2
b )]
2 − (M2a −M2b )2
[q2 − λ1/2(q2,M2a ,M2b )]2 − (M2a −M2b )2
)}
, (B.5)
with λ(x, y, z) ≡ x2 + y2 + z2 − 2xy − 2xz − 2yz.
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Some useful particular cases are:
B0(q























+ J¯(q2, 0,M2) , (B.8)












































The relevant three-propagator integrals are:
C0(q

































log (1− x) (B.14)
is the usual dilogarithmic function.
Appendix C
Feynman Diagrams for the Vector
Form Factor
We show the contributions from the diﬀerent Feynman diagrams to the vector form
factor of the pion at next-to-leading order in the 1/NC expansion. As it has been
pointed out in Chapter 3, a U(2)L⊗U(2)R chiral theory is used and we work in the
massless limit. Keep in mind that only the lagrangian of Section 3.2 is employed.
In the following ﬁgures a single line stands for a pseudo-Goldstone boson while
a double line indicates a resonance ﬁeld; notice that the resonance in the s-channel
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Form Factors and Constraints
In this appendix all two-body form factors that can be found in the even-intrinsic-
parity sector of the Resonance Chiral Theory in the Single Resonance Approximation
are analysed, following the ideas of Section 4.3.
The following items are presented for each form factor:
1. The form factor(s) is(are) deﬁned through the corresponding matrix element.
2. The expression of the form factor(s) is(are) shown.
3. Using the optical theorem, the spectral function is given in terms of the form
factors.
4. The constraints found by imposing a good high-energy behaviour of the spec-
tral function.
5. Once the constraints are imposed, the well behaved form factor(s) is(are) pre-
sented again and quoted with a tilde.
Notice that when R0I=0 or η is written, we refer to the singlet in the U(2) case.
The following usual notation is employed throughout the section :
λ (a, b, c) = a2+b2+c2−2ab−2ac−2bc , σM = λ1/2(q2,M2,M2)/q2 =
√
1− 4M2/q2 .
D.1 Vector Form Factors
Vector Form Factor to ππ (Figure D.1)
〈 π0(p1)π−(p2)|d¯γµu|0 〉 =
√
2F vππ(q2) (p2 − p1)µ , (D.1)











|F vππ(q2)|2 , (D.3)
FV GV = F
2 , (D.4)












Vector Form Factor to Aπ (Figure D.2)






(qε∗ pµA − qpA ε∗µ)F vAπ(q2)




























































, G˜ vAπ(q2) = 0 . (D.10)
Vector Form Factor to Pπ (Figure D.2)

















Figure D.2: Tree-level contributions to the vector/scalar form factor to one resonance
ﬁeld and one pseudo-Goldstone.
ImΠ
V V
(q2)|Pπ = θ(q2 −M2P )
(1−M2P /q2)3
96π
q4|F vPπ|2 , (D.13)
λPV1 = 0 , (D.14)
F˜ vPπ(q2) = 0 . (D.15)
Vector Form Factor to VV (Figure D.3)






2 (p2 − p1)µ − (qε∗1 ε∗2µ − qε∗2 ε∗1µ)
)













2 − p1p2 ε∗1ε∗2)H vV V (q2),
(D.16)








+ (4M2V − 2q2)












− 2λV V V1 + λV V V3 + λV V V4 − 2λV V V5 − λV V V6 + λV V V7
]
,




− 6λV V V0 + (4M2V + 2q2)
(
2λV V V1 − λV V V2































|H vV V |2 −
3q2
M2V
Re{F vV V G vV V ∗}



















Re{F vV VH vV V ∗} −
q2
M2V
Re{G vV VH vV V ∗}
}
, (D.18)
2λV V V1 + λ
V V V








−2λV V V1 + λV V V3 + λV V V4 − 2λV V V5 − λV V V6 + λV V V7 = 0 ,







λV V V0 + 2λ
V V V




F˜ vV V (q2) = −
M2V
M2V − q2
, G˜ vV V (q2) = H˜ vV V (q2) = 0 . (D.20)
Vector Form Factor to AA (Figure D.3)





















2 − p1p2 ε∗1ε∗2)H vAA(q2) ,
(D.21)




2λV AA0 + 2q
2(λV AA3 + λ
V AA
8 )
+ (2M2A − q2)
(
2λV AA2 + λ
V AA
7 − λV AA9 − 2λV AA10 + λV AA12 + 2λV AA13 − λV AA14
)










− λV AA6 + λV AA7 − λV AA9 − 2(λV AA10 + λV AA11 ) + λV AA12 − λV AA14
]
,
Appendix D: Form Factors and Constraints 119




− 2λV AA0 + 4q2λV AA1 + (−4M2A + 2q2)λV AA2
− 2q2(λV AA3 + λV AA4 − λV AA5 ) + (2M2A + 2q2)λV AA6















































−2λV AA2 + 2λV AA3 − λV AA6 − λV AA7 + 2λV AA8 +
+λV AA9 + 2λ
V AA










−λV AA6 + λV AA7 − λV AA9 − 2λV AA10 − 2λV AA11 + λV AA12 − λV AA14 = 0 ,
2λV AA1 + λ
V AA







λV AA0 − 2λV AA2 + λV AA6 − λV AA7 + λV AA9 +







F˜ vAA(q2) = −
M2V
M2V − q2
, G˜ vAA(q2) = H˜ vAA(q2) = 0 . (D.25)
Vector Form Factor to RR (R=S,P) (Figure D.3)
〈R0I=1(p1)R−(p2)|d¯γµu|0 〉 =
√
2F vRR(q2) (p2 − p1)µ , (D.26)









(q2)|RR = θ(q2 − 4M2R)
σ3MR
24π
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Vector Form Factor to SV (Figure D.3)





(qε∗ pµV − qpV ε∗µ)F vSV (q2)
+(qε∗ pµS − qpSε∗µ)G vSV (q2)
}
, (D.31)





− 2λSV V0 −M2V λSV V1 −
q2 + M2V −M2S
2
×
× (λSV V2 + 2λSV V3 ) + (M2V + q2)(2λSV V4 + λSV V5 )
]
,






λSV V1 , (D.32)
ImΠ
V V











− 2q2(M2S − 2M2V ) + q4
]
















− 2(M2V −M2S)2 − 2q2(M2V + M2S) + 4q4
]
Re{F vSV G vSV ∗}
}
, (D.33)
λSV V2 + 2λ
SV V







1 = 0 , (D.34)















, G˜ vSV (q2) = 0 .
(D.35)
Vector Form Factor to PA (Figure D.3)






(qε∗ pµA − qpA ε∗µ)F vPA(q2)
+(qε∗ pµP − qpP ε∗µ)G vPA(q2)
}
, (D.36)










q2 + M2A −M2P
2
(λPV A2 + 2λ
PV A
3 )









λPV A1 , (D.37)
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Figure D.4: Tree-level contributions to the vector/scalar form factor to one resonance
ﬁeld and one photon.
ImΠ
V V


































λPV A2 + 2λ
PV A































, G˜ vPA(q2) = 0 . (D.40)
Vector Form Factor to Vγ (Figure D.4)

























µ − ε∗γε∗V (qpV pµγ − qpγ pµV ) + qε∗V qε∗γ(pγ − pV )µ
}













µ− qε∗V qε∗γ pµV
)}]
, (D.41)







2λV V V1 − λV V V3 − λV V V4 + 2λV V V5 + λV V V6 − λV V V7
]
,
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3λV V V0 + 2qpV
(



































































































F˜ vV γ = −
q2
(M2V − q2)M2V





Vector Form Factor to Sγ (Figure D.4)





qε∗ pµγ − qpγ ε∗µ
) F vSγ(q2) , (D.46)



















(λSV V2 + 2λ
SV V
3 ) + q







(q2)|Sγ = θ(q2 −M2S)F 2V e2
(1−M2S/q2)3
432π
q2 |F vSγ|2, (D.48)
λSV V2 + 2λ
SV V






























Figure D.5: Tree-level contributions to the axial/pseudoscalar form factor to one
resonance ﬁeld and one pseudo-Goldstone.
D.2 Axial Form Factors
Axial Form Factor to Vπ (Figure D.5)






(qε∗ pµV − qpV ε∗µ)F aV π(q2)
+(qε∗ pµπ − qpπε∗µ)G aV π(q2)
}
, (D.51)








































































Re{F aV πG aV π∗}
}
, (D.53)
















































Figure D.6: Tree-level contributions to the axial/pseudoscalar form factor to two
resonances.
Axial Form Factor to Sπ (Figure D.5)



















(q2)|Sπ = θ(q2 −M2S)
(1−M2S/q2)3
48π












Axial Form Factor to VA (Figure D.6)
































































) ]I aV A(q2)} , (D.61)





(M2A −M2V )(−2λV AA1 + λV AA4 − λV AA5 )
− 2λV AA0 − 4qpAλV AA2 − 2M2V λV AA3 + (q2 + M2A/2 + 3M2V /2)λV AA6 − (M2A + M2V )λV AA8
+ (q2 + M2A/2−M2V /2)
(−λV AA7 + λV AA9 + 2λV AA10 − λV AA12 − 2λV AA13 + λV AA14 ) ] ,
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− λV AA0 − 2qpAλV AA2 + (M2A −M2V )/4×(−λV AA7 +λV AA9 +2λV AA10 −λV AA12 −2λV AA13 +λV AA14 )−M2V λV AA3 + (M2A/4 + 3M2V /4)λV AA6
+ (−q2 −M2A/2−M2V /2)λV AA8 + (q2+ M2A/2−M2V /2)
(−2λV AA1 + λV AA4 − λV AA5 )],





− λV AA0 − 2qpAλV AA2 −M2V λV AA3
+ (M2A −M2V )/2
(−2λV AA1 + λV AA4 − λV AA5 )+ (−2q2 + 3M2V + M2A)λV AA6 /4
− 2q2λV AA11 + (2q2+ M2V−M2A)/4
(
λV AA7 − λV AA9 − 2λV AA10 + λV AA12 − λV AA14
)
− (M2V + M2A)λV AA8 /2− (q2 + M2A/2−M2V /2)λV AA13
]
,






+ 4λV AA1 − 2λV AA4 + 2λV AA5 + λV AA6 − λV AA7 + 2λV AA8
+ λV AA9 + 2λ
V AA

















) |I aV A|2 +O(q2) Re{F aV AG aV A∗}






Re{F aV AI aV A∗}
+O(q0) Re{G aV AH aV A∗}+O(q0) Re{G aV AI aV A∗}+O(q0) Re{H aV AI aV A∗}
]
, (D.63)










4λV AA1 + 4λ
V AA
2 − 4λV AA3 − 2λV AA4 + 2λV AA5 + 3λV AA6 + λV AA7 − 2λV AA8 − λV AA9




− 4λV AA1 − 4λV AA2 + 2λV AA4
− 2λV AA5 + λV AA6 − λV AA7 − 2λV AA8 + λV AA9 + 2λV AA10 − λV AA12 − 2λV AA13 + λV AA14
}


















λV A2 − λV A3 − λV A6
}
,
− 2λV AA2 − λV AA6 + λV AA7 − λV AA9 − 2λV AA10
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4λV AA1 − 2λV AA4 + 2λV AA5 + λV AA6 − λV AA7 + 2λV AA8 + λV AA9 + 2λV AA10
− λV AA12 − 2λV AA13 + λV AA14 = 0 , (D.64)
F˜ aV A(q2) = I˜ aV A(q2) = 0 ,








λV A2 − λV A3 − λV A6
)− λV AA0 + (M2A −M2V )/4×
× (−4λV AA1 + 2λV AA4 − 2λV AA5 − λV AA7 + λV AA9 + 2λV AA10 − λV AA12 − 2λV AA13 + λV AA14 )
−M2AλV AA2 −M2V λV AA3 + (M2A/4 + 3M2V /4)λV AA6 − (M2A/2 + M2V /2)λV AA8
}
,




2λV A2 − λV A3
]
. (D.65)
Axial Form Factor to PV (Figure D.6)





(qε∗ pµV − qpV ε∗µ)F aPV (q2)
+(qε∗ pµP − qpP ε∗µ)G aPV (q2)
}
, (D.66)

















q2 + M2V −M2P
2
(λPV A2 + 2λ
PV A
3 )− q2(2λPV A4 + λPV A5 )−M2V λPV A6
]
,


























− 2q2(M2P − 2M2V ) + q4
]
















− 2(M2V −M2P )2−2q2(M2V + M2P )+4 q4
]
Re{F aPV G aPV ∗}
}
, (D.68)
λPV A2 + 2λ
PV A
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λPV A2 + 2λ
PV A
3
)−M2V λPV A6 ] ,






Axial Form Factor to SA (Figure D.6)





(qε∗ pµA − qpA ε∗µ)F aSA(q2)
+(qε∗ pµS − qpSε∗µ)G aSA(q2)
}
, (D.71)




















































































































































Figure D.7: Tree-level contributions to the axial/pseudoscalar form factor to one
pseudo-Goldstone and one photon.
Axial Form Factor to SP (Figure D.6)






pP ν , (D.76)

























Axial Form Factor to πγ (Figure D.7)
































































Figure D.8: Tree-level contributions to the axial/pseudoscalar form factor to one
resonance ﬁeld and one photon.















2FV GV − F 2V
)]
. (D.85)
Axial Form Factor to Aγ (Figure D.8)
































































F aAγ(q2) = 2FV
(


















(−2λV AA2 + λV AA6 − λV AA7 + λV AA9 + 2λV AA10 − λV AA12 − 2λV AA13 + λV AA14 ) ]} ,
G aAγ(q2) = 2FV
(






















λV AA6 −λV AA7 +λV AA9 +2λV AA10 −λV AA12 +λV AA14
)]}
, (D.87)














− 2λV A4 − 4λV A5 − 4λV A6
}
, [cf D.64]






















λAA7 , [cf D.24,D.64]
2λV AA2 + λ
V AA
6 − λV AA7 + λV AA9 + 2λV AA10










, [cf D.64] (D.89)












Axial Form Factor to Pγ (Figure D.8)
〈 γ(pγ, ε)P−(pP )|d¯γµγ5u|0 〉 = i
√
2 e(qε∗ pµγ − qpγ ε∗µ)F aPγ(q2) , (D.91)






















− 2λPV A0 −
q2 −M2P
2
(λPV A2 + 2λ
PV A
3 ) + q







(q2)|Pγ = θ(q2 −M2P ) e2
(1−M2P/q2)3
48π
q2 |F aPγ|2 , (D.93)
λPV A2 + 2λ
PV A










, [cf D.69] (D.94)
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D.3 Scalar Form Factors
Scalar Form Factor to πη (Figure D.1)














(q2)|πη = θ(q2) 1
16π
|F sπη(q2)|2 , (D.98)








Scalar Form Factor to Aπ (Figure D.2)
〈A0I=0(pA, ε)π−(pS)|d¯u|0 〉 =
i
MA
qε∗F sAπ(q2) , (D.101)














|F sAπ|2 , (D.103)
λSA1 = 0 , (D.104)
F˜ sAπ(q2) = 0 . (D.105)
Scalar Form Factor to Pπ (Figure D.2)
〈P 0I=0(pP )π−(pπ)|d¯u|0 〉 = F sPπ(q2) , (D.106)











(q2)|Pπ = θ(q2 −M2P )
1−M2P/q2
16π
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Scalar Form Factor to RR (R=V,A) (Figure D.3)





2 − p1p2 ε∗1ε∗2)F sRR(q2) + ε∗1 ε∗2 G sRR(q2) ,
(D.111)










































































λSRR1 = 0 , (D.114)
F˜ sRR(q2) = G˜ sRR(q2) = 0 . (D.115)
Scalar Form Factor to SS (Figure D.3)
〈S0I=0(p1)S−(p2)|d¯u|0 〉 = F sSS(q2) , (D.116)




















(q2)|SS = θ(q2 − 4M2S)
σMS
16π
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Scalar Form Factor to PP (Figure D.3)
〈P 0I=0(p1)P−(p2)|d¯u|0 〉 = F sPP (q2) , (D.121)




















(q2)|PP = θ(q2 − 4M2P )
σMP
16π











(M2S − 2M2P )λPP3 + cmλSPP0
]
. (D.125)
Scalar Form Factor to SV (Figure D.3)
〈S0I=1(pS)V −(pV , ε)|d¯u|0 〉 =
1
MV
qε∗F sSV (q2) , (D.126)
















|F sSV |2 , (D.128)
λV SS = 0 , (D.129)
F˜ sSV (q2) = 0 . (D.130)
Scalar Form Factor to PA (Figure D.3)
〈P 0I=0(pP )A−(pA, ε)|d¯u|0 〉 =
i
MA
qε∗F sPA(q2) , (D.131)
















|F sPA|2 , (D.133)
λSPA = 0 , (D.134)
F˜ sPA(q2) = 0 . (D.135)
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Scalar Form Factor to Vγ (Figure D.4)




γ − pV pγ ε∗V ε∗γ)F sV γ(q2) , (D.136)























(q2)|V γ = θ(q2 −M2V )
(1−M2V /q2)3
288πM2V
e2 q4|F sV γ |2 , (D.138)








+ λSV V2 + 2λ
SV V












F˜ sV γ(q2) = 0 . (D.140)
Scalar Form Factor to Sγ (Figure D.4)







(q2)|Sγ = 0 , (D.143)
D.4 Pseudoscalar Form Factors
Pseudoscalar Form Factor to Vπ (Figure D.5)
〈 π0(pπ)V −(pV , ε)|id¯γ5u|0 〉 = 1
MV
qε∗F pV π(q2) , (D.144)




















|F pV π|2 , (D.146)
−
√
2GV + 4dm λ
PV
1 = 0 , (D.147)
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Pseudoscalar Form Factor to Sπ (Figure D.5)
















(q2)|Sπ = θ(q2 −M2S)
1−M2S/q2
16π





















Pseudoscalar Form Factor to VA (Figure D.6)





A − pV pA ε∗V ε∗A)F pV A(q2)
+ i ε∗V ε
∗
A G pV A(q2) , (D.154)




− 2λV A1 +
1
4 q2
(− 2(q2 + M2V + M2A)λV A2 + 2M2V λV A3







− pV pA(λPV A2 + 2λPV A3 )−M2A(2λPV A4 + λPV A5 )−M2V λPV A6
)]
,












































































P−M2V −M2A)λV A2 +M2V λV A3 +
1
2
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2 −2M2V λV A3 +(M2V −M2A)(λV A4 +2λVA5 )
]
,













Pseudoscalar Form Factor to PV (Figure D.6)
〈P 0I=1(pP )V −(pV , ε)|id¯γ5u|0 〉 =
1
MV
qε∗F pPV (q2) , (D.159)





































Pseudoscalar Form Factor to SA (Figure D.6)
〈S0I=0(pS)A−(pA, ε)|id¯γ5u|0 〉 =
i
MA
qε∗F pSA(q2) , (D.164)






















|F pSA|2 , (D.166)
λSPA = − 1
2dm
λSA1 , (D.167)








Pseudoscalar Form Factor to SP (Figure D.6)
〈S0I=0(pS)P−(pP )|id¯γ5u|0 〉 = F pSP (q2) , (D.169)










2 (M2P − q2)
(
2λSPP0 + (q
2 + M2P −M2S)λSPP1
) ]
, (D.170)
Appendix D: Form Factors and Constraints 137
ImΠ
PP














































Pseudoscalar Form Factor to πγ (Figure D.7)









(q2)|πγ = 0 . (D.176)
Pseudoscalar Form Factor to Aγ (Figure D.8)





















− 2(q2 + M2A)λV A2






2λPV A0 − pγpA(λPV A2 + 2λPV A3 )





(q2)|Aγ = θ(q2 −M2A)
(1−M2A/q2)3
32πM2A
e2 q4|F pAγ|2 , (D.179)































































(−2M2AλV A2 + M2A(λV A4 + 2λV A5 )) ] . (D.181)
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Pseudoscalar Form Factor to Pγ (Figure D.8)







(q2)|Pγ = 0 . (D.184)
D.5 Form Factors with a Photon
As pointed out in Section 4.3, no new constraints have been obtained from the
analysis of form factors with a photon:
1. F vV γ and GvV γ (Eq. (D.44)): the 1st constraint is got by adding the 1st and the
3rd constraint of Eq. (D.19) (F vV V , GvV V and HvV V ); the 2nd one subtracting
the 1st constraint to the 3rd one of Eq. (D.19); and the 3rd one subtracting
the 3rd constraint to the 4th one of Eq. (D.19).
2. F vSγ (Eq. (D.49)): same constraint than the 1st one of Eq. (D.34) (F vSV and
GvSV ).
3. Faπγ (Eq. (D.84)): same constraint than the 1st one of Eq. (D.54) (FaV π and
GaV π).
4. FaAγ and GaAγ (Eq. (D.89)): the 1st constraint is the same than the 1st one of
Eq. (D.64) (FaV A, GaV A, HaV A and IaV A); the 2nd one is got subtracting two times
the 4th one of Eq. (D.24) (F vAA, GvAA and HvAA) to the 1st one of Eq. (D.64);
and the 3rd one is the same than the 4th one of Eq. (D.64).
5. FaPγ (Eq. (D.94)): same constraint than the 1st one of Eq. (D.69) (FaPV and
GaPV ).
6. F sV γ (Eq. (D.139)): the 1st constraint is the same than the 1st one of Eq. (D.114)
(F sV V and GsV V ); and the 2nd one can be obtained subtracting the 1st one of
Eq. (D.34) (F vSV and GvSV ) to four times the 2nd one of Eq. (D.114).
7. F sSγ: no constraints.
8. Fpπγ: no constraints.
9. FpAγ (Eq. (D.180)): the 1st one is the same than the 1st one of Eq. (D.157)
(FpV A and GpV A); and the 2nd one is got summing −M2V /(2dm) times the 1st
one of Eq. (D.9) (F vAπ and GvAπ), −M2V times the 1st one of Eq. (D.39) (F vPA
and GvPA) and the 2nd one of Eq. (D.157).
10. FpPγ: no constraints.
Appendix E
Dispersive Relations
In the purely perturbative calculation (without Dyson resummations) and under the
Single Resonance Approximation, the two-point function at next-to-leading order in





where MR is the mass of the corresponding resonance in the s–channel, and D(t) is
an analytical function except for the unitarity logarithmic branch (without poles).
In order to recover the correlator, the complex integration in the circuit of Fig-







t− q2 . (E.2)
If it is assumed that |Π(t)| → 0 when |t| → ∞, the contribution from the external










































which obeys D(M2R) = 0 and D
′(M2R) = 0. Notice that in order to recover D(q
2) it
is not necessary to know ImD(t) at t = M2R, but just the amplitude in the region
[0,+∞)− {M2R}, where Π(q2) is well deﬁned.
It is important to remark that, in order to recover the proper asymptotic be-
haviour of Π(t), one must have a spectral function that vanishes at high energies,
so the form factors must follow the proper asymptotic behaviours.




Figure E.1: Integration circuit.
From Eq. (E.3), one notices that, as soon as the value of the real part of D(t) and
its ﬁrst derivative are ﬁxed at M2R, the whole correlator becomes ﬁxed. This corre-
sponds to providing a renormalization prescription for the corresponding coupling
and resonance mass.
The fact that the spectral function vanishes at inﬁnite momentum ensures that
there are no terms of the form Π(t) ∼ tm ln (−t), with m ≥ 0. Furthermore, the
polynomial terms Π(t) ∼ tm with m ≥ 0 must be also identically zero in order to keep
Π(t) → 0 at |t| → ∞. Hence, the expression in Eq. (E.3), is the general expression
for the correlator within the Single Resonance Approximation. The inclusion of
higher resonances can be performed in a straightforward way.
This means that although the presence of O(p4) χPT operators with NLO cou-
plings in 1/NC , L˜i, is not forbidden by the symmetry, the QCD short-distance be-
haviour imposes that, in our realization, they do not get renormalized, as suggested
in Ref. [37], and they do not contribute to the observable at the end of the day (the
polynomial terms Π(t) ∼ tm are identically zero). This lack of running in the L˜i
related to the analysed currents arisen in the one-loop analysis of the RχT gener-
ating functional with only pseudo-Goldstones, scalar and pseudoscalar resonances
after imposing the high energy constraints [54].
E.1 Diagrammatic Calculation
For sake of simplicity we will refer now just to the scalar correlator although the
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The resonance parameters cm and MS get renormalized at next-to-leading order
1/NC (cm = c
r






S) in order to cancel the ultraviolet
































(M r 2S − q2)2
=
D(q2)
(M r 2S − q2)2
+
c1 + γ1 λ∞
M r 2S − q2
+
c2 + γ2 λ∞
(M r 2S − q2)2
, (E.7)
where D(t) is provided in terms of the spectral function in Eq. (E.4) and c1,2 and γ1,2
are constants determined by the one-loop calculation. Taking into account Eq. (E.3),
one gets
c1 + γ1 λ∞ = −Re
{
D ′(q2 = M r 2S )|1−loop
}
,
c2 + γ2 λ∞ = Re
{
D(q2 = M r 2S )|1−loop
}
. (E.8)
All the relevant ultraviolet divergences are shown in Eq. (E.7). As mentioned
before, the polynomial divergences Π
SS
(t) ∼ γ−m tm λ∞ cannot produce any con-
tribution at the end of the day, so they exactly cancel at any energy. Once again,
considering well behaved correlators –and therefore form factors– at large energies
is crucial.
The renormalization procedure through the cm and MS counterterms gives
32B20 c
r
mδcm + γ1 λ∞ = 0 ,
−16B0 cr 2m δM r 2S + γ2 λ∞ = 0 . (E.9)
The renormalized amplitude up to next-to-leading order in the 1/NC expansion










M r 2S − q2
+
c2
(M r 2S − q2)2
. (E.10)













M r 2S − q2
, (E.11)
where crm and M
r
S are now renormalization scale independent.
E.2 Contribution from High Mass Absorptive Cuts
Because of the approximation of neglecting intermediate states with two resonances,
made in Section 4.4, it is convenient to analyse the eﬀect on the χPT couplings of
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absorptive cuts with higher and higher production thresholds. When the threshold
Λ2th is above the resonance mass M
2

























The contributions become smaller and smaller as the value of the production thresh-
old Λ2th is increased, supporting the approximation in Section 4.4.








which becomes smaller and smaller as Λ2th is increased.
Appendix F
Second-order Fluctuation of the
Lagrangian
The expansion around the classical solution of the ﬁelds in our lagrangian of Eq. (5.1)
up to second order (as required for the one loop evaluation) gives:

















〈 εS εS 〉 +
1
32
〈 [[uµ,∆], S][[uµ,∆], S] 〉
− 1
8















〈 εP εP 〉 +
1
32
〈 [[uµ,∆], P ][[uµ,∆], P ] 〉
− 1
8













〈 εS{∆, χ−} 〉 −
cm
8
〈 {S,∆}{χ+,∆} 〉 − cd√
2
〈 εS{∇µ∆, uµ} 〉


















(∇µ∆S uµ + uµS∇µ∆) 〉 + λSS2
4











〈 {S, εS}{χ−,∆} 〉+
λSS3
2
〈 ε2S χ+ 〉, (F.4)


































(∇µ∆P uµ + uµP ∇µ∆) 〉 〉 + λPP2
4











〈 {P, εP}{χ−,∆} 〉+
λPP3
2








] 〉 − λSP1√
2





























〈χ−{εS, εP} 〉 . (F.6)
The evaluation of the path integral requires a Gaussian rearrangement of the
integration variables. However the second-order ﬂuctuation ∆LRχT does not have
this structure due to the terms 〈PP ∇µ∆∇µ∆ 〉, 〈P ∇µ∆P ∇µ∆ 〉, 〈S∇µ∆∇µ∆ 〉,
〈SS∇µ∆∇µ∆ 〉, 〈S∇µ∆S∇µ∆ 〉 and 〈 {∇µεS, P}∇µ∆ 〉 in Eqs. (F.4), (F.5) and
(F.6). A way out is provided by a redeﬁnition of the ﬁelds that eliminates the
unwanted terms:
∆ → ∆− cd
F 2
























P, {∆, S}} , (F.7)
where the following constants have been deﬁned:











λ˜PP1 ≡ λPP1 − (λSP1 )2 , λ˜PP2 ≡ λPP2 − (λSP1 )2 . (F.8)
The transformation of the integration measure only yields δ4(0) terms which have
no eﬀect on the theory [67] 7.
7In dimensional regularization the later result is immediate, as δd(0) = 0.
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Performing the transformations given by Eq. (F.7) on ∆LRχT and keeping only





























ij ∆j + εPi a
P
















that has the proper Gaussian structure and where the following deﬁnitions have
been introduced:
































)〈 [S,∇µS] [λi, λj ] 〉
− 1
16F 2













µ + uµS λj
) 〉+ λSS1 λSP1
2F 2
















〈 uµuµ{λi, λj} 〉 − λSS2 〈 λiuµλjuµ 〉 −
λSS3
2






〈 uµuµ{λi, λj} 〉 − λPP2 〈 λiuµλjuµ 〉 −
λPP3
2




〈χ+{λˆi, λˆj} 〉 − 1
16
〈 [uµ, λˆi][uµ, λˆj ] 〉
− cd
4F 2
〈∇2S{λi, λj} 〉+ cm
8F 2
〈 {S, λˆi}{χ+, λˆj} 〉+ cd
8F 2














)〈 {P, λˆi}{χ−, λˆj} 〉 − 1
32F 2
〈 [S, [uµ, λi]][S, [uµ, λj]] 〉











































(∇µSλjS) 〉+ M2S(λSP1 )2
2F 2
















〈{P, {P, λi}}{χ+, λj} 〉 + λPP3
8F 2








〈 {P, λi}{P, λj}χ+ 〉 − 1
32F 2







〈 [[uµ, P ], λi][[uµ, P ], λj] 〉 − (λSP1 )2
4F 2























〈 [uµ, {PP, λi}][uµ, λj] 〉+ λ˜PP2
4F 2
















〈 {S, P}{λi, {χ−, λj}} 〉 + i λSS3 λSP1
2F 2














































}− λSS1 {S, {∇µP, λj}})〉+ {i↔ j}, (F.16)































































































































































































































































































〈 uµ{λi, λj} 〉 , (F.22)
and the following deﬁnitions have been used,
λˆi ≡ λi − cd
F 2
{λi, S} , ∇µ (Aλi B) ≡ ∇µAλi B + Aλi∇µB , (F.23)
where A and B are any chiral tensor or resonance ﬁeld.
As commented in the text we can write Eq. (F.9) as:
∆LRχT = − 1
2
η (Σµ Σ
µ + Λ ) η , (F.24)
where η collects the ﬂuctuation ﬁelds, η =
(
∆i, εSj , εPk
)
, i, j, k = 0, ..., 8, η is its













































































Appendix F: Second-order Fluctuation of the Lagrangian 149




































dˆµ X = ∂µ X + [ γµ , X ] ,
d˜µ±X = dˆµ X ± (γ′µ − γµ) X ,
d¯µ±X = dˆµ X ± X (γ′µ − γµ) . (F.28)
150 Appendix F: Second-order Fluctuation of the Lagrangian
Appendix G
β-function Coeﬃcients
The divergent part of the RχT lagrangian shown in Chapter 5, at one loop, can be
expressed in a basis of operators that satisfy the same symmetry requirements that










βRRi ORRi . (G.1)







































i are the divergent coeﬃcients that constitute the β-function of
our lagrangian. γRi and γ
RR
i are given in Tables G.1 and G.2, while γi were shown
in Table 5.1.
We indicate with an asterisk all the operators whose β-function coeﬃcient van-
ishes once the short-distance constraints of Eqs. (5.2) and (5.3) are considered.
Table G.1: Operators with one resonance and their β-function coeﬃcients.
i ORi γRi




2 −NF−2cdM2P (λSP1 )2
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2 〈S 〉〈 u · u 〉 −3F−4c3dM2S + 2F−2cdλSS1 M2S − F−2cdM2S(λSP1 )2 +
F−2cdM2S − F−2cdM2P (λSP1 )2









2 −NF−2cmM2P (λSP1 )2




2 − F−2cmM2P (λSP1 )2














2/3NF−2cdλSS2 − 1/12NF−2cd(λSP1 )2 + 1/12NF−2cd













2 + 4/3NF−2cdλSS2 −
1/12NF−2cd(λSP1 )
2 − 1/24NF−2cd












2 − 2/3NF−2cdλSS2 −
1/3NF−2cd(λSP1 )
2 + 1/12NF−2cd
9 〈S 〉〈 u · uu · u 〉 8/3F−6c5d+4/3F−4c3dλSS1 −2F−4c3dλSS2 +4/3F−4c3d(λSP1 )2+
1/2F−4c3d − 1/3F−2cdλSS1 (λSP1 )2 + 1/3F−2cdλSS1 −
2F−2cd(λSS1 )
2−F−2cdλSS2 +5/12F−2cd(λSP1 )2−1/24F−2cd
10 〈 uµ 〉〈 uµ {S, u · u} 〉 4/3F−6c5d−4/3F−4c3dλSS1 +2F−4c3dλSS2 +2/3F−4c3d(λSP1 )2−
3/2F−4c3d − 4F−2cdλSS1 λSS2 − 5/3F−2cdλSS1 (λSP1 )2 +
8/3F−2cdλSS1 − 2F−2cd(λSS1 )2 + cdF−2λSS2 (λSP1 )2 −
1/6F−2cd(λSP1 )
2 + 1/24F−2cd
11 〈 uµS 〉〈 uµu · u 〉 8F−4c3dλSS1 −2F−4c3d−8F−2cdλSS1 λSS2 +2F−2cdλSS1 (λSP1 )2−
4F−2cd(λSS1 )
2+2F−2cdλSS2 −1/2F−2cd(λSP1 )2+1/4F−2cd





2 − 1/3F−2cdλSS1 +
1/12F−2cd(λSP1 )
2 − 1/12F−2cd









4/3F−2cdλSS1 − 2F−2cdλSS2 (λSP1 )2 + 2F−2cdλSS2 −
8F−2cd(λSS2 )
2 + 5/6F−2cd(λSP1 )
2 − 1/3F−2cd
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14 〈Suµuν 〉〈 uµuν 〉 −8F−6c5d + 8F−4c3dλSS1 + 16F−4c3dλSS2 − 4F−4c3d(λSP1 )2 +




2 − 2F−2cdλSS2 − 8F−2cd(λSS2 )2







2 − F−2cdλSS1 −
4F−2cd(λSS1 )




16 i 〈 uµfµν+ uνS 〉 1/3NF−4c3d − 1/3NF−2cdλSS1 − 2/3NF−2cdλSS2 +
1/12NF−2cd
17 i 〈 {S, uµuν}fµν+ 〉 −1/6NF−4c3d + 1/6NF−2cdλSS1 + 1/3NF−2cdλSS2 −
1/24NF−2cd
18 i 〈 uµ 〉〈 fµν+ [S, uν ] 〉 −1/3F−4c3d + 1/3F−2cdλSS1 + 1/12F−2cd
19 i 〈S 〉〈 fµν+ uµuν 〉 −2/3F−4c3d + 2/3F−2cdλSS1 + 1/6F−2cd
20 〈 fµν− {uµ,∇νS} 〉 1/3NF−4c3d − 1/3NF−2cdλSS1 − 2/3NF−2cdλSS2 +
1/12NF−2cd
21 〈 uµ 〉〈 fµν− ∇νS 〉 2/3F−4c3d − 2/3F−2cdλSS1 − 1/6F−2cd
22 〈 uµfµν− 〉〈∇νS 〉 2/3F−4c3d − 2/3F−2cdλSS1 − 1/6F−2cd
23 〈Sfµν− f−µν 〉 1/3NF−4c3d − 1/3NF−2cdλSS1 − 2/3NF−2cdλSS2 +
1/12NF−2cd
24 〈S 〉〈 fµν− f−µν 〉 1/3F−4c3d − 1/3F−2cdλSS1 − 1/12F−2cd






















2 − 1/4NF−2cdλSS3 +
1/2NF−2cdλSP1 λ
SP
2 −1/8NF−2cd+2NF−2cmλSS1 (λSP1 )2−
1/2NF−2cmλSS1 −NF−2cmλSS2 (λSP1 )2 + 1/8NF−2cm
26∗ 〈 uνSuνχ+ 〉 −2NF−4c2dcmλSS1 + 4NF−4c2dcmλSS2 − 1/2NF−4c2dcm +
2NF−4c3dλ
SS
3 − NF−2dmλSS1 λSP1 + 4NF−2dmλSS2 λSP1 −
3/4NF−2dmλSP1 + 1/2NF
−2cdλSS1 − 4NF−2cdλSS2 λSS3 −
NF−2cdλSS2 + 1/8NF




2 − 3/4NF−2cm(λSP1 )2

























1/8F−2cd + 3F−2cmλSS1 (λ
SP
1 )




F−2cmλSS2 − 3/4F−2cm(λSP1 )2 + 1/4F−2cm
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−2dmλSP1 − 2F−2cdλSS1 λSS3 +








2 − F−2cmλSS1 + 3/4F−2cm(λSP1 )2 +
1/4F−2cm







2 − 1/2F−4c2dcm −
F−4c3d−F−2dmλSS1 λSP1 −F−2dmλSS2 λSP1 −2F−2cdλSS1 λSS3 +








2 + F−2cmλSS1 − F−2cmλSS2 (λSP1 )2 −
1/4F−2cm







2 − F−4c2dcm +
4F−4c3dλ
SS












2 + 2F−2cmλSS2 − 1/2F−2cm















−2cdλSS1 −F−2cdλSS2 −1/2F−2cdλSS3 +
F−2cdλSP1 λ
SP
2 −3/8F−2cd−F−2cmλSS1 (λSP1 )2−F−2cmλSS2 +
3/4F−2cm(λSP1 )
2 + 1/4F−2cm
32∗ i 〈χ− {uµ,∇µS} 〉 3NF−4dmc2dλSP1 + 3NF−4c2dcm − 3/2NF−4c3d −
NF−2dmλSS1 λ
SP
1 − 2NF−2dmλSS2 λSP1 − 3/4NF−2dmλSP1 +
3/2NF−2dm(λSP1 )




2 − 3/2NF−2cd(λSP1 )2 + 3/8NF−2cd −
NF−2cmλSS1 − 2NF−2cmλSS2 + 3/2NF−2cm(λSP1 )2 −
3/4NF−2cm
33∗ i 〈 uµχ− 〉〈∇µS 〉 −2F−4dmc2dλSP1 − 2F−4c2dcm +F−4c3d− 2F−2dmλSS1 λSP1 +
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34∗ i 〈χ− 〉〈 uµ∇µS 〉 6F−4dmc2dλSP1 + 6F−4c2dcm − 3F−4c3d − 2F−2dmλSS1 λSP1 −
4F−2dmλSS2 λ
SP






3/4F−2cd− 2F−2cmλSS1 − 4F−2cmλSS2 +3F−2cm(λSP1 )2−
3/2F−2cm
35∗ i 〈χ−∇µS 〉〈 uµ 〉 −2F−4dmc2dλSP1 − 2F−4c2dcm +F−4c3d− 2F−2dmλSS1 λSP1 +
























37 〈S 〉〈χ+χ+ 〉 −4F−4dmcdcmλSP1 − 2F−4d2mcd−F−4cdc2m +2F−4c2dcm +
2F−2dmλSP2 − 1/4F−2cd−F−2cmλSS2 +2F−2cmλSP1 λSP2 +
1/4F−2cm

























1 −2NF−2dmλSS3 λSP1 +1/4NF−2dmλSP1 −
4NF−2dm(λSP1 )
2λSP2 − 1/2NF−2cdλSS1 − NF−2cdλSS2 +
NF−2cdλSS3 − 2NF−2cdλSP1 λSP2 + NF−2cd(λSP1 )2 −
1/8NF−2cd + NF−2cmλSS1 + 2NF
−2cmλSS2 −
2NF−2cmλSS3 −NF−2cm(λSP1 )2 + 1/4NF−2cm





1 −2F−2dmλSS3 λSP1 −
1/4F−2dmλSP1 − 1/2F−2cdλSS1 + F−2cdλSS3 + 1/8F−2cd +
F−2cmλSS1 − 2F−2cmλSS3 − 1/4F−2cm











1 − 4F−2dm(λSP1 )2λSP2 − F−2cdλSS1 −
F−2cdλSS2 +2F
−2cdλSS3 −2F−2cdλSP1 λSP2 +F−2cd(λSP1 )2 +
2F−2cmλSS1 + 2F
−2cmλSS2 − 4F−2cmλSS3 − F−2cm(λSP1 )2
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42 i 〈Pχ− 〉 −2NF−2dmM2P (λSP1 )2 + 4NF−2dmM2S(λSP1 )2 +
NF−2M2P cdλ
SP
1 − 2NF−2M2P cmλSP1 − 2NF−2cdM2SλSP1 +
4NF−2cmM2Sλ
SP
1 −NF−2dmM2S(λSP1 )2 −NF−2cdM2SλSP1
43 i 〈P 〉〈χ− 〉 −2F−2dmM2P (λSP1 )2+4F−2dmM2S(λSP1 )2+F−2M2P cdλSP1 −
2F−2M2P cmλ
SP





44 〈∇µPuνuµuν 〉 −1/3NF−2λPP1 cdλSP1 + 2/3NF−2λPP2 cdλSP1 +
1/12NF−2cdλSP1




−2cdλSP1 − 1/2NF−2cd(λSP1 )3
46 〈 uµ 〉〈∇µPu · u 〉 F−2λPP1 cdλSP1 + 2F−4c3dλSP1 − 5/4F−2cdλSP1 +
F−2cd(λSP1 )
3 − 2F−2cdλPP1 λSP1
47 〈 uµ 〉〈∇νP {uµ, uν} 〉 2F−4c3dλSP1 − F−2λPP1 cdλSP1 − 2F−2λPP2 cdλSP1 −
2F−2cdλSS2 λ
SP
1 − 5/4F−2cdλSP1 + 2F−2cd(λSP1 )3
48 〈 uµuν 〉〈 uν∇µP 〉 −2F−2λPP1 cdλSP1 − 4F−2cdλSS2 λSP1 + 5/2F−2cdλSP1




50 〈 u · u 〉〈 uµ∇µP 〉 F−2λPP1 cdλSP1 + 2F−2λPP2 cdλSP1 − 2F−2cdλSS1 λSP1 +
5/4F−2cdλSP1 − F−2cd(λSP1 )3
51 〈 [P, uµuν ]fµν− 〉 −1/3NF−4c3dλSP1
52∗ 〈χ+ {uµ,∇µP} 〉 −NF−4c2dcmλSP1 + NF−2dmλPP1 + 2NF−2dmλPP2 −
3/2NF−2dm(λSP1 )





1 − NF−2cdλSS3 λSP1 + 1/4NF−2cdλSP1 +
3/4NF−2cmλSP1 − 3/2NF−2cm(λSP1 )3
53∗ 〈 uµχ+ 〉〈∇µP 〉 2F−4c2dcmλSP1 +2F−2dmλPP1 +F−2dm(λSP1 )2−3/2F−2dm+
2F−2λPP1 cmλ
SP




54∗ 〈χ+ 〉〈 uµ∇µP 〉 −2F−4c2dcmλSP1 + 2F−2dmλPP1 + 4F−2dmλPP2 −
3F−2dm(λSP1 )





1 − 2F−2cdλSS3 λSP1 + 1/2F−2cdλSP1 +
3/2F−2cmλSP1 − 3F−2cm(λSP1 )3
55∗ 〈χ+∇µP 〉〈 uµ 〉 2F−4c2dcmλSP1 +2F−2dmλPP1 +F−2dm(λSP1 )2−3/2F−2dm+
2F−2λPP1 cmλ
SP




56 i 〈P {χ−, u · u} 〉 −NF−4dmλPP1 c2d+6NF−4dmc2d(λSP1 )2−1/4NF−4dmc2d+
4NF−4c2dcmλ
SP


























1/4NF−2cdλSP2 − 2NF−2cmλSS1 λSP1 + 1/2NF−2cm(λSP1 )3
Appendix G: β-function Coeﬃcients 157




















2λSP2 − 1/2NF−2cd(λSP1 )3 −
3/4NF−2cmλSP1
58 i 〈 uµ 〉〈 uµ {P, χ−} 〉 −2F−4dmλPP1 c2d + 2F−4dmc2d(λSP1 )2 + 1/2F−4dmc2d +
2F−4c2dcmλ
SP
1 − 2F−4c3dλSP2 − F−2dmλPP1 (λSP1 )2 +
F−2dmλPP1 − F−2dmλPP2 (λSP1 )2 − 4F−2dmλSS2 (λSP1 )2 +
F−2dm(λSP1 )
4 − 1/4F−2dm + 1/2F−2λPP1 cdλSP1 −
2F−2λPP1 cdλ
SP










5/8F−2cdλSP1 − 2F−2cd(λSP1 )2λSP2 + 1/2F−2cd(λSP1 )3 +
F−2cdλSP2 − 4F−2cmλSS2 λSP1 + F−2cm(λSP1 )3
59 i 〈 uµP 〉〈 uµχ− 〉 −4F−4dmλPP2 c2d + 4F−4dmc2d(λSP1 )2 + F−4dmc2d +
4F−4c2dcmλ
SP




2 + 2F−2dmλPP2 − 8F−2dmλSS2 (λSP1 )2 +
2F−2dm(λSP1 )
4 − 1/2F−2dm + F−2λPP1 cdλSP1 −
4F−2λPP1 cdλ
SP
2 − 2F−2λPP1 cmλSP1 + 2F−2λPP2 cdλSP1 −
4F−2λPP2 cdλ
SP










60 i 〈Pu · u 〉〈χ− 〉 −2F−4dmλPP2 c2d + 10F−4dmc2d(λSP1 )2 − 1/2F−4dmc2d +
6F−4c2dcmλ
SP




2 − F−2dmλPP2 − 4F−2dmλSS1 (λSP1 )2 −
3/4F−2dm(λSP1 )
2 + F−2dm(λSP1 )
4 + 1/4F−2dm −
1/2F−2λPP1 cdλ
SP
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1 − F−2dmλPP1 (λSP1 )2 −
F−2dmλPP2 − 4F−2dmλSS1 (λSP1 )2 + 3/4F−2dm(λSP1 )2 +
F−2dm(λSP1 )





2 − F−2λPP1 cmλSP1 − F−2λPP3 cdλSP1 +
2F−2cdλSS1 λ
SP
1 − 3/8F−2cdλSP1 + 4F−2cd(λSP1 )2λSP2 −
3/2F−2cd(λSP1 )










2 − F−2dmλPP1 (λSP1 )2 −
F−2dmλPP1 − 4F−2dmλSS1 (λSP1 )2 + 3/4F−2dm(λSP1 )2 +
F−2dm(λSP1 )











































1 − NF−2λPP3 cdλSP1 + NF−2λPP3 cmλSP1 +
NF−2cdλSS3 λ
SP
1 − 2NF−2cmλSS3 λSP1 + 5/8NF−2cmλSP1 +
8NF−2cm(λSP1 )
2λSP2 − 5/2NF−2cm(λSP1 )3 −NF−2cmλSP2
64 i 〈P 〉〈χ−χ+ 〉 −F−4dmcdcm − 4F−4cdc2mλSP1 + 2F−4c2dcmλSP1 +















1 − 1/2F−2cdλSP1 +
F−2cdλSP2 − 4F−2cmλSS3 λSP1 + 3/4F−2cmλSP1 +
4F−2cm(λSP1 )
2λSP2 − F−2cm(λSP1 )3 − 2F−2cmλSP2






1 − 2F−4c2dcmλSP1 +
F−2dmλPP1 − F−2dmλPP2 + 4F−2dmλPP3 (λSP1 )2 −
2F−2dmλPP3 − 4F−2dmλSS3 (λSP1 )2 + 6F−2dmλSP1 λSP2 −
F−2dm(λSP1 )
2 + F−2λPP1 cmλ
SP






1 − 1/2F−2cdλSP1 +
F−2cdλSP2 − 4F−2cmλSS3 λSP1 + 3/4F−2cmλSP1 +
12F−2cm(λSP1 )
2λSP2 − 3F−2cm(λSP1 )3 − 2F−2cmλSP2
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66 i 〈Pχ− 〉〈χ+ 〉 −F−4dmcdcm − 4F−4cdc2mλSP1 + 4F−4c2dcmλSP2 +
2F−2dmλPP2 − 2F−2dmλPP3 − 4F−2dmλSS3 (λSP1 )2 +
6F−2dmλSP1 λ
SP






1 − 2F−2λPP3 cmλSP1 +
2F−2cdλSS3 λ
SP
1 − 4F−2cmλSS3 λSP1 + 5/4F−2cmλSP1 +
8F−2cm(λSP1 )
2λSP2 − 3F−2cm(λSP1 )3 − 2F−2cmλSP2
Table G.2: Operators with two resonances, scalars and pseudoscalars, and their
β-function coeﬃcients.
i ORRi γRRi
1 〈SS 〉 NF−4c2dM4S + NF−2M4S(λSP1 )2 + NF−2M2PM2S(λSP1 )2
2 〈S 〉2 F−4c2dM4S + F−2M4S(λSP1 )2 + F−2M2PM2S(λSP1 )2

























−2M2S−2NF−2λSS1 M2P (λSP1 )2





















2 − 2NF−2λSS2 M2P (λSP1 )2































































S − 2F−2λSS1 M2S(λSP1 )2 +
2F−2(λSS1 )
2M2S − 2F−2λSS2 M2S(λSP1 )2 + 3F−2λSS2 M2S −
1/8F−2M2S − 2F−2λSS1 M2P (λSP1 )2 − 2F−2λSS2 M2P (λSP1 )2
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2 − 2NF−2λSS3 M2P (λSP1 )2











2 − 2F−2λSS3 M2P (λSP1 )2
11 〈SS 〉〈χ+ 〉 4F−4dmcdM2SλSP1 + F−4cdcmM2S − 2F−4c2dM2S +
F−2λSS1 M
2
S − 2F−2M2SλSP1 λSP2










2 − 1/6NF−4c2d(λSP1 )2 −
1/24NF−4c2d − 1/12NF−2λSS1 (λSP1 )2 + 1/24NF−2λSS1 +
1/6NF−2(λSS1 )
2(λSP1 )




2 − 1/3NF−2(λSS2 )2 −
1/32NF−2(λSP1 )
2 + 1/64NF−2











































2 − NF−4c2dλSS2 + 8/3NF−4c2d(λSS2 )2 −




2 − 1/16NF−2λSS1 +
13/6NF−2(λSS1 )
2(λSP1 )
2 − 1/2NF−2(λSS1 )2 −
NF−2(λSS1 )
3 + NF−2(λSS2 )
2 + 1/96NF−2(λSP1 )
2




































2 + 1/24NF−2(λSP1 )
2 − 5/192NF−2
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2 − 1/24NF−2λSS1 +
2NF−2(λSS1 )
2(λSP1 )
2 − 11/12NF−2(λSS1 )2 +
2/3NF−2(λSS2 )
2(λSP1 )
2 + 1/3NF−2(λSS2 )
2 + 1/192NF−2
































2 − 2NF−2(λSS1 )2λSS2 −
NF−2(λSS1 )
2(λSP1 )




1/24NF−2λSS2 − 2NF−2(λSS2 )2(λSP1 )2





























2 − 5/3NF−2λSS2 (λSP1 )2 +
4F−2NF−2(λSS2 )
2(λSP1 )

































3/16NF−4c2d − 4NF−2λSS1 (λSS2 )2 + 1/8NF−2λSS1 +
1/4NF−2(λSS1 )
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1/6F−4c2d − 1/3F−2λSS1 λSS2 (λSP1 )2 − 1/3F−2λSS1 λSS2 −
2F−2(λSS1 )
































2 + 1/4F−4c2d − 2/3F−2λSS1 λSS2 (λSP1 )2 +
F−2λSS1 λ
SS
2 − 4F−2λSS1 (λSS2 )2 + 1/3F−2λSS1 (λSP1 )2 +
2/3F−2(λSS1 )
2(λSP1 )
2 + 1/6F−2λSS2 (λ
SP
1 )
2 − 1/4F−2λSS2 −
2F−2(λSS2 )
2(λSP1 )
2 + F−2(λSS2 )
2

























2 − 7/12F−4c2d + 2/3F−2λSS1 λSS2 (λSP1 )2 +
3F−2λSS1 λ
SS
2 − 4F−2λSS1 (λSS2 )2 − 1/2F−2λSS1 (λSP1 )2 −
1/24F−2λSS1 − 6F−2(λSS1 )2λSS2 − 2/3F−2(λSS1 )2(λSP1 )2 +
2/3F−2(λSS1 )





















2 − 2/3F−4c2d + 4/3F−2λSS1 λSS2 (λSP1 )2 −
2F−2λSS1 λ
SS




2 + 3/4F−2λSS2 − 1/3F−2(λSP1 )2























2 + 3/8F−2λSS1 − 6F−2(λSS1 )2λSS2 +
2F−2(λSS1 )
2(λSP1 )
2 − 2F−2(λSS1 )3 − 1/2F−2λSS2 (λSP1 )2 −
3/8F−2λSS2
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2 − 2/3F−2λSS1 λSS2 +
1/3F−2(λSS1 )
2(λSP1 )
2−1/3F−2(λSS1 )2+1/6F−2λSS2 (λSP1 )2−
1/6F−2λSS2 − 1/48F−2(λSP1 )2




































2 + 1/8F−2λSS1 − 5/3F−2(λSS1 )2(λSP1 )2 +
1/6F−2(λSS1 )
2 − 2F−2(λSS1 )3 − 5/6F−2λSS2 (λSP1 )2 −
1/6F−2λSS2 − 1/48F−2(λSP1 )2













2 − 1/2F−4c2d(λSP1 )2 +




2 + 1/8F−2λSS1 − 2F−2(λSS1 )2λSS2 −
4/3F−2(λSS1 )
2(λSP1 )
2 − 2F−2(λSS1 )3 + 2/3F−2λSS2 (λSP1 )2 −
3/8F−2λSS2 − 2F−2(λSS2 )2 + 2F−2(λSS1 )2























2 − 2F−4c2d(λSP1 )2 +











2 + 1/12F−2(λSP1 )
2












2 + 1/16F−2λSS2 − F−2(λSS2 )2 −
2F−2(λSS2 )
3 − 1/8F−2(λSP1 )2
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2 − F−2(λSS1 )2λSS2 + 1/2F−2(λSS1 )2(λSP1 )2 −
1/4F−2(λSS1 )
2 − 1/12F−2λSS2 (λSP1 )2 − 3/16F−2λSS2 +
2/3F−2(λSS2 )
2(λSP1 )
2 − 2F−2(λSS2 )3 + 1/96F−2(λSP1 )2
























2 + 1/8F−2λSS1 − 4F−2(λSS1 )2λSS2 +
3F−2(λSS1 )
2(λSP1 )
2 + 1/2F−2(λSS1 )




2 − 1/4F−2λSS2 + 4/3F−2(λSS2 )2(λSP1 )2 −
2F−2(λSS2 )
2 + 13/48F−2(λSP1 )
2
32 〈SS 〉〈 uµuνuµuν 〉 −1/96F−2+2F−8c6d−10/3F−6c4dλSS1 +2/3F−6c4d(λSP1 )2−








2−1/12F−2λSS1 +1/6F−2(λSS1 )2(λSP1 )2−
1/6F−2(λSS1 )
2 + 1/96F−2(λSP1 )
2
33 〈SS 〉〈 u · uu · u 〉 −7/192F−2+4F−8c6d−32/3F−6c4dλSS1 +4/3F−6c4d(λSP1 )2+











2−5/48F−2λSS1 +1/3F−2(λSS1 )2(λSP1 )2−
1/12F−2(λSS1 )
2 − F−2(λSS1 )3 + 7/48F−2(λSP1 )2
































2 − 1/6F−4c2d + 2/3F−2λSS1 λSS2 (λSP1 )2 −
1/3F−2λSS1 λ
SS




2−1/12F−2λSS2 +4/3F−2(λSS2 )2(λSP1 )2−
8F−2(λSS2 )
3 − 1/24F−2(λSP1 )2
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2 + 2/3F−2(λSS1 )
2(λSP1 )




2 + 4/3F−2(λSS2 )
2(λSP1 )
2 − 2F−2(λSS2 )2 +
14/48F−2(λSP1 )
2





































2 − 1/8F−2λSS1 − 5/3F−2(λSS1 )2(λSP1 )2 −
3/2F−2(λSS1 )
2 − 2F−2(λSS1 )3 − 2/3F−2λSS2 (λSP1 )2 +
2/3F−2(λSS2 )
2(λSP1 )
2 + F−2(λSS2 )
2 + 1/48F−2(λSP1 )
2






















2 − 1/8F−4c2d − 4/3F−2λSS1 λSS2 (λSP1 )2 −
2/3F−2λSS1 λ
SS
2 − 4F−2(λSS1 )2λSS2 +1/3F−2(λSS1 )2(λSP1 )2 +
2/3F−2(λSS1 )
2 + 5/3F−2λSS2 (λ
SP
1 )
2 + 1/12F−2λSS2 −
2F−2(λSS2 )
2 − 13/48F−2(λSP1 )2
38 〈 uνSuνS 〉〈 u · u 〉 8/3F−8c6d − 8F−6c4dλSS1 + 8/3F−6c4dλSS2 −



















2 − 1/2F−4c2d(λSP1 )2 −
1/3F−4c2d − 4/3F−2λSS1 λSS2 (λSP1 )2 − 4F−2(λSS1 )2λSS2 +
2/3F−2(λSS1 )
2(λSP1 )
2 + 4/3F−2λSS2 (λ
SP
1 )
2 + 1/4F−2λSS2 −
7/24F−2(λSP1 )
2
39 〈 uµuν∇µS∇νS 〉 2/3NF−6c4d − 4/3NF−4c2dλSS2 + 1/3NF−4c2d(λSP1 )2 −




2 + 4/3NF−2(λSS2 )
2 −
1/6NF−2(λSP1 )
2 + 1/6NF−2(λSP1 )
4 + 5/48NF−2




2 − 8/3NF−4c2d − 2NF−2λSS1 (λSP1 )2 +
3/2NF−2λSS1 + NF
−2(λSS1 )
2 − 2NF−2λSS2 (λSP1 )2 +
4NF−2(λSS2 )
2 − 4/3NF−2(λSP1 )2 + 7/6NF−2(λSP1 )4 +
23/48NF−2
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2−2NF−2λSS2 (λSP1 )2+4/3NF−2λSS2 −
1/3NF−2(λSP1 )
2 + 1/2NF−2(λSP1 )
4




2 + 1/3NF−2λSS2 − 1/12NF−2(λSP1 )2




2 + 1/2NF−4c2d − NF−2λPP1 (λSP1 )2 −
5/6NF−2λSS1 − 1/3NF−2(λSS1 )2 + 2/3NF−2λSS2 (λSP1 )2 −
4/3NF−2(λSS2 )
2 + 1/4NF−2(λSP1 )
2 + 1/6NF−2(λSP1 )
4 −
1/48NF−2











2 + 2F−2λSS1 −
2/3F−2(λSS1 )
2 + 2/3F−2λSS2 (λ
SP
1 )
2 − 1/3F−2λSS2 −
1/2F−2(λSP1 )
2 + 1/3F−2(λSP1 )
4





2 − 4/3F−2λSS1 +
4/3F−2(λSS1 )
2 − 5/6F−2(λSP1 )2 + 1/3F−2(λSP1 )4


































2 + 7/3F−2λSS2 − 4/3F−2(λSS2 )2 −
1/2F−2(λSP1 )
2 + 1/3F−2(λSP1 )
4












2 − 1/3F−2λSS2 + 4/3F−2(λSS2 )2 −
2/3F−2(λSP1 )
2 + 1/3F−2(λSP1 )
4











2 + 4/3F−2(λSS1 )






2 − 2/3F−2(λSP1 )4
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2 − 7/3F−2λSS2 + 1/2F−2(λSP1 )2 +
1/3F−2(λSP1 )
4











2 + 4/3F−2(λSS1 )






2 − 2/3F−2(λSP1 )4
52 〈 u · u 〉〈∇µS∇µS 〉 −1/48F−2 + 2/3F−6c4d − 4/3F−4c2dλSS1 − F−4c2d(λSP1 )2 +
2/3F−4c2d − F−2λPP1 (λSP1 )2 + 1/3F−2λSS1 (λSP1 )2 −
7/6F−2λSS1 − 1/3F−2(λSS1 )2 + 1/3F−2(λSP1 )2 +
1/6F−2(λSP1 )
4




2− 1/8NF−4c2d +1/6NF−2λSS2 (λSP1 )2−
1/12NF−2(λSP1 )
2 + 1/24NF−2
54 i 〈 uµSuνSfµν+ 〉+ h.c. −2/3NF−4c2dλSS1 + 1/6NF−4c2d + 2/3NF−2λSS1 λSS2 −
1/6NF−2λSS2





2 + 1/6NF−2(λSP1 )
2 − 7/96NF−2
56 i 〈 uµfµν+ uνSS 〉 −2/3NF−6c4d + 1/3NF−4c2dλSS1 + 4/3NF−4c2dλSS2 +
1/12NF−2λSS1 − 1/6NF−2(λSS1 )2 − 2/3NF−2(λSS2 )2 −
1/96NF−2









58 i 〈 uµS 〉〈 fµν+ [S, uν ] 〉 4/3F−6c4d − 4/3F−4c2dλSS1 − 4/3F−4c2dλSS2 − 1/6F−4c2d +
1/6F−2λSS1 + 1/3F
−2(λSS1 )






59 i 〈S 〉〈 uµSfµν+ uν 〉+ h.c. −2/3F−6c4d+2/3F−4c2dλSS1 +F−4c2dλSS2 −1/3F−2λSS1 λSS2 −
1/6F−2(λSS1 )
2 − 1/12F−2λSS2 + 1/96F−2
60 i 〈SS 〉〈 fµν+ uµuν 〉 4/3F−6c4d − 2F−4c2dλSS1 − 1/3F−4c2d + 1/6F−2λSS1 +
1/3F−2(λSS1 )
2 + 1/48F−2
61 i 〈 uµfµν+ uνS 〉〈S 〉 −4/3F−6c4d+4/3F−4c2dλSS1 +2F−4c2dλSS2 −2/3F−2λSS1 λSS2 −
1/3F−2(λSS1 )
2 − 1/6F−2λSS2 + 1/48F−2
62 i 〈 fµν+ ∇µS∇νS 〉 1/3NF−4c2d + 1/3NF−2(λSP1 )2 − 1/6NF−2




2 − 1/3NF−2λSS2 (λSP1 )2
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2 − 4/3NF−2(λSS2 )2 − 1/48NF−2
65 〈 uµSfµν− ∇νS 〉+ h.c. 4/3NF−4c2dλSS1 − 1/3NF−4c2d − 4/3NF−2λSS1 λSS2 +
1/3NF−2λSS2
66 〈 uµ 〉〈 fµν− {S,∇νS} 〉 1/48F−2 − 4/3F−6c4d + 2F−4c2dλSS1 + 2/3F−4c2dλSS2 +




2 − 1/6F−2λSS2 − 1/12F−2(λSP1 )2
67 〈 uµS 〉〈 fµν− ∇νS 〉 −1/24F−2− 8/3F−6c4d + 8/3F−4c2dλSS1 + 8/3F−4c2dλSS2 +




2 + 1/6F−2(λSP1 )
2






69 〈S 〉〈 fµν− {uµ,∇νS} 〉 1/48F−2 − 4/3F−6c4d + 4/3F−4c2dλSS1 + 2F−4c2dλSS2 −
2/3F−2λSS1 λ
SS
2 − 1/3F−2(λSS1 )2 − 1/6F−2λSS2
70 〈Sfµν− 〉〈 uµ∇νS 〉 −1/24F−2−8/3F−6c4d+8/3F−4c2dλSS1 +16/3F−4c2dλSS2 −




2 + 2/3F−2λSS2 − 8/3F−2(λSS2 )2 −
1/6F−2(λSP1 )
2




72 〈Sfµν+ Sf+µν 〉 1/12NF−4c2d + 1/12NF−2(λSP1 )2 − 1/24NF−2
73 〈SSfµν+ f+µν 〉 −1/12NF−4c2d − 1/12NF−2(λSP1 )2 + 1/24NF−2
74 〈Sfµν− Sf−µν 〉 2/3NF−4c2dλSS1 − 1/6NF−4c2d − 2/3NF−2λSS1 λSS2 +
1/6NF−2λSS2
75 〈SSfµν− f−µν 〉 −2/3NF−6c4d + 1/3NF−4c2dλSS1 + 4/3NF−4c2dλSS2 +
1/12NF−2λSS1 − 1/6NF−2(λSS1 )2 − 2/3NF−2(λSS2 )2 −
1/96NF−2
76 〈S 〉〈Sfµν− f−µν 〉 1/48F−2 − 4/3F−6c4d + 4/3F−4c2dλSS1 + 2F−4c2dλSS2 −
2/3F−2λSS1 λ
SS
2 − 1/3F−2(λSS1 )2 − 1/6F−2λSS2
77 〈Sfµν− 〉2 −1/48F−2 − 4/3F−6c4d + 4/3F−4c2dλSS1 + 2F−4c2dλSS2 −
2/3F−2λSS1 λ
SS
2 − 1/3F−2(λSS1 )2 + 1/6F−2λSS2 −
2/3F−2(λSS2 )
2
78 〈SS 〉〈 fµν− f−µν 〉 −1/96F−2 − 2/3F−6c4d + F−4c2dλSS1 + 1/6F−4c2d −
1/12F−2λSS1 − 1/6F−2(λSS1 )2
79 〈Sχ+Su · u 〉 −NF−6c3dcm + 4NF−6c4dλSS3 + NF−6c4d −
4NF−4dmcdλSS1 λ
SP



































2 −NF−2(λSS1 )2λSS3 −
NF−2(λSS1 )
2−2NF−2λSS2 λSS3 (λSP1 )2−2NF−2λSS2 λSP1 λSP2 +
NF−2(λSS2 )
2 − 1/16NF−2λSS3
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80 〈SS {χ+, u · u} 〉 −2NF−6dmc3dλSP1 − 1/2NF−6c3dcm + 2NF−6c4dλSS3 +




















































2 − NF−4c2dλSS3 −
























82 〈 uνSSuνχ+ 〉 −4NF−6c4dλSS3 + 2NF−4c2dλSS1 λSS3 + 8NF−4c2dλSS2 λSS3 +
1/8NF−2λSS1 + 1/4NF
−2(λSS1 )
2 − 4NF−2(λSS2 )2λSS3 −
3/64NF−2





























2 + F−2λSS1 λ
SS
3 − 1/2F−2λSS1 λSP1 λSP2 +
1/4F−2λSS1 + 1/4F
−2(λSS1 )
2 − F−2λSS2 λSS3 (λSP1 )2 −
1/2F−2λSS2 λ
SS
3 − 1/4F−2λSS3 − 3/8F−2λSP1 λSP2


























2 + 2F−2λSS1 λ
SS
3 − F−2λSS1 λSP1 λSP2 −
2F−2(λSS1 )
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2 −F−4c2d− 4F−2λSS1 λSS2 λSS3 +
F−2λSS1 λ
SS




2 − 2F−2λSS2 λSS3 (λSP1 )2 +
3F−2λSS2 λ
SS







































2 − 2F−2λSS1 λSP1 λSP2 +
1/2F−2λSS1 − 2F−2(λSS1 )2λSS3 + 1/2F−2(λSS1 )2 −
F−2λSS2 λ
SS
3 − 2F−2λSS2 λSP1 λSP2 − 1/4F−2λSS2 − 3/8F−2λSS3
































2 − F−2(λSS1 )2λSS3 −
F−2λSS2 λ
SS








88 〈Sχ+ 〉〈Su · u 〉 3/32F−2 − 8F−6dmc3dλSP1 − 4F−6c3dcm + 6F−6c4d −
4F−4dmcdλSS1 λ
SP












































2 − 3/4F−2λSS2 −
2F−2(λSS2 )
2 − 3/2F−2λSS3 (λSP1 )2 + 1/8F−2λSS3
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1 − 3/2F−4dmcdλSP1 +














2 − 3/8F−2λSS1 − F−2(λSS1 )2λSS3 +
1/4F−2(λSS1 )




90 〈SSu · u 〉〈χ+ 〉 −3/64F−2 − 4F−6dmc3dλSP1 − 2F−6c3dcm − 4F−6c4dλSS3 +
3F−6c4d − 6F−4dmcdλSS1 λSP1 + 4F−4dmcdλSS2 λSP1 −
2F−4cdcmλSS1 + 2F

































2 − 1/8F−2λSS1 −
F−2(λSS1 )









1 − 3/2F−4dmcdλSP1 +



















2 − 3/8F−2λSS1 − F−2(λSS1 )2λSS3 +
1/4F−2(λSS1 )
2 + 3/2F−2λSS3 (λ
SP
1 )






























1/2F−4c2d − 4F−2λSS1 λSS2 λSS3 − F−2λSS1 λSP1 λSP2 +
1/2F−2(λSS1 )
2 − F−2λSS2 λSS3 + 4F−2λSS2 λSP1 λSP2 −
2F−2(λSS2 )
2 − 3/4F−2λSP1 λSP2
93 〈 uνSuνS 〉〈χ+ 〉 2F−4dmcdλSS1 λSP1 −8F−4dmcdλSS2 λSP1 +3/2F−4dmcdλSP1 +





3 − 2F−4c2dλSS1 + 4F−4c2dλSS2 − F−4c2dλSS3 −














1/4F−2λSS2 − 3/4F−2λSP1 λSP2
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95 〈χ+ 〉〈∇µS∇µS 〉 2F−4dmcdλSP1 + 1/2F−4c2d − F−2λPP3 (λSP1 )2 − F−2λSS1 +
1/4F−2(λSP1 )
2
96 〈χ+∇µS 〉〈∇µS 〉 4F−4dmcdλSP1 + F−4c2d − 2F−2λPP3 (λSP1 )2 − 2F−2λSS2 +
1/2F−2(λSP1 )
2





































2 −1/8NF−2(λSP1 )2+3/2NF−2(λSP1 )3λSP2


























2 − 3/2NF−2λSS1 (λSP1 )2 +
1/2NF−2λSS1 + 1/2NF
−2(λSS1 )
















99 i 〈 uµχ−∇µSS 〉+ h.c. 2NF−6c3dcm − NF−6c4d + 4NF−4dmcdλSS1 λSP1 −
NF−4dmcdλSP1 + 3NF
−4cdcmλSS1 − 2NF−4cdcmλSS2 −
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100 i 〈 uµ 〉〈∇µS {S, χ−} 〉 6F−6c3dcm − 4F−6c4d + F−4cdcmλSS1 + 3F−4cdcm(λSP1 )2 −




2 + 5/2F−4c2d + F
−2λSS1 λ
SS









2 − 1/4F−2λSS1 +
1/2F−2(λSS1 )
2 + 1/2F−2λSS2 (λ
SP
1 )









2 − F−2(λSP1 )3λSP2 − 3/32F−2
101 i 〈 uµ {S, χ−} 〉〈∇µS 〉 6F−6c3dcm − 4F−6c4d + 3F−4cdcmλSS1 − 4F−4cdcmλSS2 +
3F−4cdcm(λSP1 )
2 − 11/4F−4cdcm − 2F−4c2dλSS1 +
3F−4c2dλ
SS
2 − F−4c2dλSS3 − 3F−4c2d(λSP1 )2 + 9/4F−4c2d +
F−2λSS1 λ
SS























102 i 〈χ−∇µS 〉〈 uµS 〉 8F−6c3dcm − 4F−6c4d + 2F−4cdcmλSS1 − 8F−4cdcmλSS2 +
2F−4cdcm(λSP1 )








2 − 2F−4c2d(λSP1 )2 + F−4c2d −
2F−2λSS1 λ
SS
3 − 2F−2λSS1 λSP1 λSP2 + F−2λSS1 (λSP1 )2 −
F−2λSS1 +F
−2(λSS1 )










103 i 〈S 〉〈χ− {uµ,∇µS} 〉 −8F−6dmc3dλSP1 − 4F−6c3dcm + 2F−6c4d +
4F−4dmcdλSS1 λ
SP
1 − F−4dmcdλSP1 + 5F−4cdcmλSS1 +
2F−4cdcmλSS2 − 3F−4cdcm(λSP1 )2 + 1/4F−4cdcm −
4F−4c2dλ
SS




2 + 1/4F−4c2d + F
−2λSS1 λ
SS





2 − 1/2F−2λSS1 (λSP1 )2 + 1/4F−2λSS1 +
1/2F−2(λSS1 )




2 − 3/4F−2λSS3 − 1/4F−2λSP1 λSP2 +
1/4F−2(λSP1 )
2 − 3/32F−2
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104 i 〈S∇µS 〉〈 uµχ− 〉 8F−6c3dcm− 4F−6c4d− 2F−4cdcmλSS1 +2F−4cdcm(λSP1 )2−
7/2F−4cdcm+2F−4c2dλ
SS

















2 + 3/2F−2λSS3 − 1/2F−2λSP1 λSP2 + 3/16F−2









−4cdcmλSS2 − 3F−4cdcm(λSP1 )2 +

















2 − 5/2F−2λSS1 (λSP1 )2 +
1/4F−2λSS1 + 1/2F
−2(λSS1 )









2 − 3/4F−2λSS3 + 1/4F−2λSP1 λSP2 +
1/8F−2(λSP1 )
2 − 3/32F−2
106 i 〈Sχ− 〉〈 uµ∇µS 〉 −16F−6dmc3dλSP1 − 20F−6c3dcm + 16F−6c4d +
8F−4dmcdλSS1 λ
SP
1 − 2F−4dmcdλSP1 + 14F−4cdcmλSS1 +
12F−4cdcmλSS2 − 18F−4cdcm(λSP1 )2 + 7/2F−4cdcm −
12F−4c2dλ
SS









2 − 4F−4c2d +
4F−2λSS1 λ
SS




2 + F−2λSS1 + F
−2(λSS1 )





2 − 3F−2λSS2 (λSP1 )2 + 2F−2λSS2 +
4F−2(λSS2 )
2 + 3F−2λSS3 (λ
SP
1 )
2 − 3/2F−2λSS3 −
7/2F−2λSP1 λ
SP
2 − 1/4F−2(λSP1 )2 + 6F−2(λSP1 )3λSP2 +
3/16F−2
107 〈SSχ+χ+ 〉 4NF−6d2mc2d − 4NF−4dmcdλSS3 λSP1 − 2NF−4d2mλSS1 −












2 + NF−2(λSP2 )
2


















109 〈S 〉〈Sχ+χ+ 〉 8F−6d2mc2d − 8F−4dmcdλSS3 λSP1 − 8F−4dmcdλSP2 −
4F−4d2mλ
SS
2 − 2F−4cdcmλSS3 − 2F−4cdcm + 4F−4c2dλSS3 +
3/2F−4c2d + 1/2F








Appendix G: β-function Coeﬃcients 175
110 〈Sχ+ 〉2 8F−6d2mc2d − 8F−4dmcdλSS3 λSP1 − 8F−4dmcdλSP2 −
4F−4d2mλ
SS




2 + 3/2F−4c2d + 1/2F












111 〈SS 〉〈χ+χ+ 〉 4F−6d2mc2d − 4F−4dmcdλSP2 − 2F−4d2mλSS1 − F−4cdcm +
3/4F−4c2d + 1/4F
−4c2m − 1/4F−2λSS1 + 1/4F−2λSS3 +
F−2(λSP2 )
2
112 〈SSχ+ 〉〈χ+ 〉 8F−6d2mc2d − 8F−4dmcdλSS3 λSP1 − 8F−4dmcdλSP2 −
4F−4d2mλ
SS
1 − 2F−4cdcmλSS3 − 2F−4cdcm + 4F−4c2dλSS3 +
3/2F−4c2d + 1/2F













−6c3dcm − 8NF−6c4d −
2NF−4dmcdλSS1 λ
SP









6NF−4cdcmλSS1 − 12NF−4cdcmλSS2 + 6NF−4cdcmλSS3 +
4NF−4cdcm(λSP1 )
2 − 3/2NF−4cdcm + 3NF−4c2dλSS1 +
6NF−4c2dλ
SS














































−6c3dcm − 9NF−6c4d −
6NF−4dmcdλSS1 λ
SP
1 − 4NF−4dmcdλSS2 λSP1 +
4NF−4dmcdλSS3 λ
SP
















































2 − 1/8NF−2λSS1 −
1/4NF−2(λSS1 )













2 − 2NF−2(λSP1 )2(λSP2 )2−
1/64NF−2
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1 − F−4dmcmλSP1 −












3 − 4F−4c2dλSP1 λSP2 − F−4c2d + 4F−4c2mλSS1 +
4F−4c2mλ
SS





2 − 1/2F−2(λSS1 )2 + 2F−2λSS2 λSS3 +














−2λSS1 − 1/4F−2(λSS1 )2− 1/4F−2λSS3 −
F−2(λSS3 )
2








1 − F−4dmcmλSP1 −









































































































2 − 2F−2(λSS3 )2 − 1/2F−2λSP1 λSP2
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2−2F−2λPP1 M2P−4F−2λPP1 M2S(λSP1 )2+
2F−2(λPP1 )








































2 − 4F−2λPP1 M2S(λSP1 )2 +
2F−2(λPP1 )
2M2P − 2F−2λPP2 M2P (λSP1 )2 −
3F−2λPP2 M
2




























































2 − 2F−2λPP2 M2S(λSP1 )2
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2 − F−2λPP1 M2P (λSP1 )2 +
3/2F−2λPP1 M
2


































































































































2 − NF−2λPP1 (λSP1 )4 + 1/8NF−2λPP1 +
1/4NF−2(λPP1 )
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131 〈 uµuνPuµuνP 〉 2/3NF−4λPP1 c2d(λSP1 )2 − 4/3NF−4λPP2 c2d(λSP1 )2 +
4/3NF−4(λPP2 )








2 + 1/24NF−2λPP1 +
1/6NF−2(λPP1 )
2(λSP1 )




2 − 1/3NF−2(λPP2 )2 −
1/32NF−2(λSP1 )
2 + 1/64NF−2
132 〈Pu · uPu · u 〉 40/3NF−6c4d(λSP1 )2 + 26/3NF−4λPP1 c2d(λSP1 )2 −
2NF−4(λPP1 )
2c2d − 28/3NF−4λPP2 c2d(λSP1 )2 +
4/3NF−4(λPP2 )






























2 + 1/96NF−2(λSP1 )
2 − 1/4NF−2(λSP1 )4


















































2 − 2/3NF−2λPP2 (λSP1 )4 +
2/3NF−2(λPP2 )
2(λSP1 )
2 − 1/3NF−2(λPP2 )2 +
1/24NF−2(λSP1 )
2−1/6NF−2(λSP1 )4 +1/6NF−2(λSP1 )6−
5/192NF−2
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2 − 5/6NF−4λPP1 c2d −
5/3NF−4(λPP1 )


































2 − 2/3NF−2λPP2 (λSP1 )4 +
2/3NF−2(λPP2 )
2(λSP1 )









4 + 1/6NF−2(λSP1 )
6 + 1/192NF−2


























































4 + 1/24NF−2λPP2 −
2NF−2(λPP2 )
2(λSP1 )





2 − 1/6NF−2(λSP1 )4





























2 − 5/3NF−2λPP2 (λSP1 )2 +
4NF−2(λPP2 )
2(λSP1 )














2 − 12F−4λPP1 c2d(λSP1 )2 +
4F−4(λPP1 )




























4 + 3/8F−2λPP1 − 6F−2(λPP1 )2λPP2 +
6F−2(λPP1 )
2(λSP1 )














2 − 4F−2λSS2 (λSP1 )4 + 1/2F−2(λSP1 )4 +
2F−2(λSP1 )
6
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1 − 8/3F−4λPP1 c2d(λSP1 )2 − 1/2F−4λPP1 c2d −
2/3F−4(λPP1 )





























































4 − 1/48F−2(λSP1 )2 + 1/4F−2(λSP1 )4 +
2/3F−2(λSP1 )
6






















2 + F−2λPP1 λ
PP
















2 + 2F−2λPP2 (λ
SP
1 )
4 − 1/4F−2λPP2 −
2F−2(λPP2 )
2(λSP1 )
2 + F−2(λPP2 )












2 − 4/3F−4λPP2 c2d − 4F−4(λPP1 )2c2d +
8/3F−4(λPP2 )






















2 + F−2λPP1 (λ
SP
1 )









2 − 3/8F−2λPP2 + 2F−2(λPP1 )2 −
2F−2(λPP2 )
2 − 1/2F−2λSS1 (λSP1 )2 + 2F−2λSS2 (λSP1 )2 −
1/4F−2(λSP1 )
4
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4 − 1/24F−2λPP1 − 6F−2(λPP1 )2λPP2 +
10/3F−2(λPP1 )
2(λSP1 )
2 + 2/3F−2(λPP1 )
































4 − 1/24F−2(λSP1 )2 + 2/3F−2(λSP1 )4 +
4/3F−2(λSP1 )
6

























2−2F−2λPP1 (λSP1 )4−4F−2(λPP1 )2λPP2 +
4/3F−2(λPP1 )
2(λSP1 )




2 − 1/3F−2(λSP1 )2 + 1/2F−2(λSP1 )4





d − 4/3F−4λPP1 c2d(λSP1 )2 +
2/3F−4(λPP1 )

















2 − 2/3F−2λPP1 (λSP1 )4 +
1/3F−2(λPP1 )
2(λSP1 )




2 − 2/3F−2λPP2 (λSP1 )4 − 1/6F−2λPP2 −
1/48F−2(λSP1 )
2 − 1/3F−2(λSP1 )4 + 1/3F−2(λSP1 )6
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d − 28/3F−4λPP1 c2d(λSP1 )2 +
2/3F−4(λPP1 )













4−1/24F−4c2d +2/3F−2λPP1 λPP2 (λSP1 )2−
2/3F−2λPP1 λ
PP




2 + 4/3F−2λPP1 (λ
SP
1 )
4 + 1/8F−2λPP1 +
1/3F−2(λPP1 )
2(λSP1 )
2 + 1/6F−2(λPP1 )














4 + 8F−2(λSS1 )
2(λSP1 )
2 − 1/48F−2(λSP1 )2 +
1/6F−2(λSP1 )
4 + 1/3F−2(λSP1 )
6
































































2 + 1/12F−2(λSP1 )
2 − 4/3F−2(λSP1 )4 +
4/3F−2(λSP1 )
6














2 − F−2λPP2 (λSP1 )4 + 1/16F−2λPP2 +
2F−2(λPP2 )
2(λSP1 )









2 − 1/4F−2(λSP1 )4










2 − 3F−4λPP2 c2d(λSP1 )2 + 5/6F−4λPP2 c2d +
4/3F−4(λPP2 )































4 − 3/16F−2λPP2 + 8/3F−2(λPP2 )2(λSP1 )2 −
2F−2(λPP2 )
3 − F−2λSS2 (λSP1 )2 − 2F−2λSS2 (λSP1 )4 +
4F−2(λSS2 )
2(λSP1 )
2 + 1/96F−2(λSP1 )
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4 + 1/8F−2λPP1 − 4F−2(λPP1 )2λPP2 +
7F−2(λPP1 )
2(λSP1 )
2 + 1/2F−2(λPP1 )






2 − 2/3F−2λPP2 (λSP1 )2 − 1/4F−2λPP2 +
4/3F−2(λPP2 )
2(λSP1 )






2 + 13/48F−2(λSP1 )
2−
1/2F−2(λSP1 )
4 + F−2(λSP1 )
6


























4 + 1/6F−2(λSP1 )
6





1 − 2F−4λPP1 c2d(λSP1 )2 − F−4λPP1 c2d +
2/3F−4(λPP1 )








2 − 5/3F−2λPP1 (λSP1 )4 − 5/48F−2λPP1 +
7/3F−2(λPP1 )
2(λSP1 )




2−2F−2λSS1 (λSP1 )4+4F−2(λSS1 )2(λSP1 )2+
1/16F−2(λSP1 )
2 + 1/4F−2(λSP1 )
4 + 1/3F−2(λSP1 )
6





2 − 8/3F−4λPP1 c2d(λSP1 )2 + F−4λPP1 c2d +
4/3F−4(λPP1 )

















2 − 1/3F−2λPP1 (λSP1 )4 − 1/4F−2λPP1 −
2/3F−2(λPP1 )
2 + 1/3F−2λPP2 (λ
SP
1 )




2 − 8F−2(λPP2 )3 +
1/24F−2(λSP1 )
2 − 1/4F−2(λSP1 )4 + 2/3F−2(λSP1 )6
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2c2d − 16/3F−4λPP2 c2d(λSP1 )2 +
8/3F−4(λPP2 )























4 + 2/3F−2(λPP1 )
2(λSP1 )













4 + 28/3F−2(λPP2 )
2(λSP1 )




2 − 8F−2λSS2 (λSP1 )4 + 16F−2(λSS2 )2(λSP1 )2 +
7/24F−2(λSP1 )
2 + 1/2F−2(λSP1 )
4 + 2F−2(λSP1 )
6





1 − 38/3F−4λPP1 c2d(λSP1 )2 − F−4λPP1 c2d −
2F−4(λPP1 )



















2 + 2F−2λPP1 (λ
SP
1 )




2 − 3/2F−2(λPP1 )2 −
2F−2(λPP1 )









4 + 2/3F−2(λPP2 )
2(λSP1 )





2−4F−2λSS1 (λSP1 )4+8F−2(λSS1 )2(λSP1 )2+
1/48F−2(λSP1 )
2 − 1/4F−2(λSP1 )4 + F−2(λSP1 )6








































4 − 4F−2(λPP1 )2λPP2 +
7/3F−2(λPP1 )
2(λSP1 )


















2 − 13/48F−2(λSP1 )2 − 1/3F−2(λSP1 )4 +
1/3F−2(λSP1 )
6
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2 − F−2λPP1 (λSP1 )4 − 4F−2(λPP1 )2λPP2 +
8/3F−2(λPP1 )
2(λSP1 )




2 + 2F−2λPP2 (λ
SP
1 )




2 − 7/24F−2(λSP1 )2 − 1/4F−2(λSP1 )4




2 + 1/3NF−2λPP2 − 1/12NF−2(λSP1 )2
158 〈 uµuν∇µP∇νP 〉 2/3NF−4c2d(λSP1 )2 − 1/6NF−4c2d − 1/6NF−2λPP1 +
1/3NF−2(λPP1 )
2 − 2/3NF−2λPP2 (λSP1 )2 +
4/3NF−2(λPP2 )
2 − 1/6NF−2(λSP1 )2 + 1/6NF−2(λSP1 )4 +
5/48NF−2
159 〈 uµuν∇νP∇µP 〉 2/3NF−4c2d(λSP1 )2 + 1/6NF−4c2d − 2NF−2λPP1 (λSP1 )2 +
3/2NF−2λPP1 + NF
−2(λPP1 )
2 − 2NF−2λPP2 (λSP1 )2 +
4NF−2(λPP2 )
2 − 4/3NF−2(λSP1 )2 + 7/6NF−2(λSP1 )4 +
23/48NF−2




2−2NF−2λPP2 (λSP1 )2+4/3NF−2λPP2 −
1/3NF−2(λSP1 )
2 + 1/2NF−2(λSP1 )
4
161 〈 u · u∇µP∇µP 〉 −2NF−4λPP1 c2d + 2/3NF−4c2d(λSP1 )2 − 5/6NF−2λPP1 −
1/3NF−2(λPP1 )





2 − NF−2λSS1 (λSP1 )2 + 1/4NF−2(λSP1 )2 +
1/6NF−2(λSP1 )
4 − 1/48NF−2








2 − 1/3F−2λPP2 − 2F−2λSS2 (λSP1 )2 −
1/2F−2(λSP1 )
2 + 1/3F−2(λSP1 )
4
163 〈 uµuν 〉〈∇µP∇νP 〉 7/12F−2 + 2F−4c2d(λSP1 )2 + 2/3F−2λPP1 (λSP1 )2 −
4/3F−2λPP1 + 4/3F
−2(λPP1 )
2 − 5/6F−2(λSP1 )2 +
1/3F−2(λSP1 )
4
164 〈 uµ {∇µP,∇νP} 〉〈 uν 〉 −7/12F−2 + 8/3F−2λPP1 λPP2 − 4/3F−2λPP1 (λSP1 )2 +
4/3F−2(λPP1 )
2 + 2/3F−2λPP2 (λ
SP
1 )
2 − 4/3F−2λPP2 +
3/2F−2(λSP1 )
2 − 2/3F−2(λSP1 )4














2 + 7/3F−2(λSP1 )
4
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2 − 1/2F−2(λSP1 )2 + 1/3F−2(λSP1 )4








2 − 1/3F−2λPP2 + 4/3F−2(λPP2 )2 −
2/3F−2(λSP1 )
2 + 1/3F−2(λSP1 )
4




2−2/3F−2(λPP1 )2+2/3F−2λPP2 (λSP1 )2−
7/3F−2λPP2 − 2F−2λSS1 (λSP1 )2 + 1/2F−2(λSP1 )2 +
1/3F−2(λSP1 )
4
169 〈∇µP {uµ, uν} 〉〈∇νP 〉 −7/12F−2 + 8/3F−2λPP1 λPP2 − 4/3F−2λPP1 (λSP1 )2 +
4/3F−2(λPP1 )
2 + 2/3F−2λPP2 (λ
SP
1 )
2 − 4/3F−2λPP2 +
3/2F−2(λSP1 )
2 − 2/3F−2(λSP1 )4








2 + 1/3F−2(λSP1 )
2 + 1/6F−2(λSP1 )
4




2 − 1/12NF−2(λSP1 )2 +
1/12NF−2(λSP1 )
4 + 1/24NF−2




2 − 1/6NF−2λPP2 + 1/12NF−2(λSP1 )2
173 i 〈PuµuνPfµν+ 〉 1/3NF−4c2d(λSP1 )2 + 1/12NF−4c2d − 1/12NF−2λPP1 +
1/6NF−2(λPP1 )
2 − 1/3NF−2λPP2 (λSP1 )2 +
2/3NF−2(λPP2 )
2 + 1/6NF−2(λSP1 )
2 − 7/96NF−2
174 i 〈 uµfµν+ uνPP 〉 1/3NF−4λPP1 c2d − 2/3NF−4c2d(λSP1 )2 + 1/12NF−2λPP1 −
1/6NF−2(λPP1 )





2 − 1/6NF−2(λSP1 )4 − 1/96NF−2






1/12F−2λPP2 −1/24F−2(λSP1 )2+1/6F−2(λSP1 )4−1/96F−2
176 i 〈 uµP 〉〈 fµν+ [P, uν] 〉 −2/3F−4λPP2 c2d + 2/3F−4c2d(λSP1 )2 − 2/3F−2λPP1 (λSP1 )2 +
1/6F−2λPP1 + 1/3F
−2(λPP1 )
2 − 1/3F−2λPP2 (λSP1 )2 −
1/12F−2(λSP1 )
2 + 1/3F−2(λSP1 )
4 + 1/48F−2
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178 i 〈PP 〉〈 fµν+ uµuν 〉 −2/3F−4λPP1 c2d + 2/3F−4c2d(λSP1 )2 − 2/3F−2λPP1 (λSP1 )2 +
1/6F−2λPP1 + 1/3F
−2(λPP1 )
2 − 1/6F−2(λSP1 )2 +
1/3F−2(λSP1 )
4 + 1/48F−2




2−1/3F−2(λPP1 )2+2/3F−2λPP2 (λSP1 )2−
1/6F−2λPP2 − 1/3F−2(λSP1 )4 + 1/48F−2
180∗ i 〈 fµν+ ∇µP∇νP 〉 1/3NF−2(λSP1 )2 − 1/6NF−2




2 − 1/6NF−2(λSP1 )4












2 + 1/3NF−2λPP2 − 1/6NF−2(λSP1 )2











2 − 1/6F−2λPP2 + 1/12F−2(λSP1 )2 −
1/3F−2(λSP1 )
4








2 + 1/6F−2(λSP1 )
2 − 2/3F−2(λSP1 )4
186 〈∇µP 〉〈 fµν− {P, uν} 〉 −1/48F−2 − 2/3F−4λPP2 c2d + 2/3F−4c2d(λSP1 )2 +
2/3F−2λPP1 λ
PP




2 + 1/6F−2λPP2 + 1/3F
−2(λSP1 )
4











2 − 1/6F−2λPP2 − 1/3F−2(λSP1 )4
188 〈Pfµν− 〉〈 uν∇µP 〉 1/24F−2 − 4/3F−4λPP2 c2d + 4/3F−4c2d(λSP1 )2 +
8/3F−2λPP1 λ
PP
2 − 4/3F−2λPP1 (λSP1 )2 − 1/3F−2λPP1 +
2/3F−2(λPP1 )
2 − 2F−2λPP2 (λSP1 )2 − 2/3F−2λPP2 +
8/3F−2(λPP2 )
2 + 1/6F−2(λSP1 )
2 + 2/3F−2(λSP1 )
4








2 + 2/3F−2(λSP1 )
4
190∗ 〈Pfµν+ Pf+µν 〉 1/12NF−2(λSP1 )2 − 1/24NF−2
191∗ 〈PPfµν+ f+µν 〉 −1/12NF−2(λSP1 )2 + 1/24NF−2




2 + 1/6NF−2λPP2 − 1/12NF−2(λSP1 )2
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193 〈PPfµν− f−µν 〉 1/3NF−4λPP1 c2d − 2/3NF−4c2d(λSP1 )2 + 1/12NF−2λPP1 −
1/6NF−2(λPP1 )





2 − 1/6NF−2(λSP1 )4 − 1/96NF−2











2 + 1/6F−2λPP2 − 2/3F−2(λPP2 )2 −
1/3F−2(λSP1 )
4











2 − 1/6F−2λPP2 − 1/3F−2(λSP1 )4




2 − 1/12F−2λPP1 − 1/6F−2(λPP1 )2 +
1/12F−2(λSP1 )
2 − 1/6F−2(λSP1 )4
197 〈Pχ+Pu · u 〉 10NF−6dmc3dλSP1 + 20NF−6c3dcm(λSP1 )2 −
4NF−4dmλPP1 cdλ
SP
1 − 12NF−4dmλPP2 cdλSP1 −
4NF−4dmcdλSS1 λ
SP
1 − 3/2NF−4dmcdλSP1 +
20NF−4dmcd(λSP1 )













2 − 3NF−4cdcm(λSP1 )2 +
28NF−4cdcm(λSP1 )
















































2 + NF−2λSS3 (λ
SP
1 )
2 − NF−2(λSP1 )3λSP2 +
1/4NF−2(λSP1 )
4
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198 〈PP {χ+, u · u} 〉 5NF−6dmc3dλSP1 + 10NF−6c3dcm(λSP1 )2 −
6NF−4dmλPP2 cdλ
SP


















2 − 3/2NF−4cdcm(λSP1 )2 +
14NF−4cdcm(λSP1 )




















































2 −NF−2λSS3 (λSP1 )4






















200 〈 uνPuν {P, χ+} 〉 −2NF−6dmc3dλSP1 −4NF−6c3dcm(λSP1 )2−NF−4dmcdλSP1 +
2NF−4dmcd(λSP1 )




2 − 2NF−4λPP3 c2d(λSP1 )2 −
3/2NF−4cdcm(λSP1 )
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201 〈 uµ 〉〈 uµ {PP, χ+} 〉 3/64F−2 + 2F−4dmλPP1 cdλSP1 − 4F−4dmcdλSS2 λSP1 +











































2 − 1/4F−2λPP1 (λSP1 )2 + 1/4F−2λPP1 +
1/4F−2(λPP1 )



















2 − 2F−2λSS3 (λSP1 )4 + 3/8F−2λSP1 λSP2 −
3/16F−2(λSP1 )
2
202 〈 uµ 〉〈 uµPχ+P 〉 −4F−4dmλPP1 cdλSP1 − 8F−4dmcdλSS2 λSP1 +






2 − 16F−4cdcmλSS2 (λSP1 )2 +
5F−4cdcm(λSP1 )



























2 −F−2λPP2 (λSP1 )2−













2 − 1/2F−2λSS3 (λSP1 )2 − 3/4F−2λSP1 λSP2 +
3/8F−2(λSP1 )
2 − 2F−2(λSP1 )3λSP2 + 1/2F−2(λSP1 )4
203 〈 uµP 〉〈 uµ {P, χ+} 〉 −3/32F−2 + 4F−6dmc3dλSP1 + 8F−6c3dcm(λSP1 )2 −
2F−4dmλPP1 cdλ
SP
1 −8F−4dmcdλSS2 λSP1 −1/2F−4dmcdλSP1 −
2F−4dmcd(λSP1 )














2− 16F−4cdcmλSS2 (λSP1 )2−
F−4cdcm(λSP1 )
2 + 4F−4cdcm(λSP1 )




























2 − F−2λPP1 (λSP1 )2 − 2F−2(λPP1 )2λPP3 +
1/2F−2(λPP1 )

















2 −F−2λPP2 (λSP1 )2 +















4 − 2F−2(λSP1 )3λSP2 + 1/2F−2(λSP1 )4
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2 −F−2λPP1 (λSP1 )2 +
























4 − 2F−2(λSP1 )3λSP2 + 1/2F−2(λSP1 )4
205 〈P 〉〈P {χ+, u · u} 〉 −2F−6dmc3dλSP1 −12F−6c3dcm(λSP1 )2−8F−4dmλPP1 cdλSP1 +
2F−4dmλPP2 cdλ
SP
1 −4F−4dmcdλSS1 λSP1 +3/2F−4dmcdλSP1 +
6F−4dmcd(λSP1 )









2 + 5/2F−4cdcm(λSP1 )
2 +
10F−4cdcm(λSP1 )


































2 + F−2λPP3 (λ
SP
1 )














2 − 2F−2λSS3 (λSP1 )4 − 3/8F−2λSP1 λSP2 +
3/16F−2(λSP1 )
2 − F−2(λSP1 )3λSP2 + 1/4F−2(λSP1 )4























































2 − 2F−2(λPP1 )2λPP3 +
1/2F−2(λPP1 )











2− 2F−2λPP2 λSP1 λSP2 +F−2λPP2 (λSP1 )2−



















4 − 2F−2(λSP1 )3λSP2 + 1/2F−2(λSP1 )4
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2 − 3/8F−2λPP1 − F−2(λPP1 )2λPP3 +
1/4F−2(λPP1 )
2 + 1/2F−2λPP3 (λ
SP
1 )




















2 − F−2(λSP1 )3λSP2 +
1/4F−2(λSP1 )
4























2 + 1/2F−2λPP1 λ
PP









2 − 1/8F−2λPP1 −
F−2(λPP1 )





























2 + F−2λSS3 (λ
SP
1 )





209 〈PPχ+ 〉〈 u · u 〉 −3/64F−2 − 4F−4dmλPP1 cdλSP1 − 4F−4dmλPP2 cdλSP1 −
8F−4dmcdλSS1 λ
SP





d−12F−4λPP1 cdcm(λSP1 )2+2F−4λPP1 c2dλSS3 −
F−4λPP1 c
2
d − 8F−4λPP2 cdcm(λSP1 )2 + 4F−4λPP3 c2d(λSP1 )2 +
1/2F−4λPP3 c
2
d−16F−4cdcmλSS1 (λSP1 )2−3F−4cdcm(λSP1 )2+
20F−4cdcm(λSP1 )

















2 + F−2λPP3 (λ
SP
1 )














2 − 2F−2λSS3 (λSP1 )4 − 3/4F−2λSP1 λSP2 +
3/8F−2(λSP1 )
2 − F−2(λSP1 )3λSP2 + 1/4F−2(λSP1 )4
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2−4F−2λPP2 λSP1 λSP2 +2F−2λPP2 (λSP1 )2+
1/4F−2λPP2 − 1/2F−2λPP3 (λSP1 )2 + 3/2F−2λSS3 (λSP1 )2 +
3/4F−2λSP1 λ
SP
2 − 3/8F−2(λSP1 )2
211 〈 uνPuνχ+ 〉〈P 〉 3/32F−2 + 2F−4dmλPP1 cdλSP1 + 1/2F−4dmcdλSP1 −
2F−4dmcd(λSP1 )



















































4 + 3/2F−2λSS3 (λ
SP
1 )





212 〈χ+∇µP∇µP 〉 −NF−2λPP1 −NF−2λSS3 (λSP1 )2 + 1/4NF−2(λSP1 )2
213 〈χ+ 〉〈∇µP∇µP 〉 −F−2λPP1 − F−2λSS3 (λSP1 )2 + 1/4F−2(λSP1 )2
214 〈χ+∇µP 〉〈∇µP 〉 −2F−2λPP2 − 2F−2λSS3 (λSP1 )2 + 1/2F−2(λSP1 )2
215 i 〈 uµ∇µPχ−P 〉+ h.c. 8NF−4dmλPP2 cdλSP1 + 1/4NF−4dmcdλSP1 −
4NF−4dmcd(λSP1 )
3 + 8NF−4λPP2 cdcm −
4NF−4λPP2 c
2

























2−15/2NF−2(λSP1 )3λSP2 +9/4NF−2(λSP1 )4













2 − 2NF−2λPP1 (λSP1 )2 +
1/2NF−2λPP1 + 1/2NF
−2(λPP1 )
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217 i 〈 uµχ−∇µPP 〉+ h.c. 4NF−4dmλPP1 cdλSP1 −NF−4dmcdλSP1 +3NF−4λPP1 cdcm−
3/2NF−4λPP1 c
2




































2 − F−2λPP1 (λSP1 )2 −
1/4F−2λPP1 + 1/2F
−2(λPP1 )


























2 − F−2λPP1 (λSP1 )2 −
1/4F−2λPP1 + 1/2F
−2(λPP1 )




2 − 3/4F−2λPP2 − 1/2F−2λPP3 (λSP1 )2 +
3/4F−2λPP3 − 11/4F−2λSP1 λSP2 + 9/8F−2(λSP1 )2 +
3F−2(λSP1 )
3λSP2 − F−2(λSP1 )4 − 3/32F−2

















2 − F−2λPP3 (λSP1 )2 +
3/2F−2λPP3 − 5/2F−2λSP1 λSP2 + 1/2F−2(λSP1 )2 +
4F−2(λSP1 )
3λSP2 − F−2(λSP1 )4 + 3/16F−2
221 i 〈P 〉〈χ− {uµ,∇µP} 〉 1/2F−4dmcdλSP1 − 2F−4λPP2 cdcm + F−4λPP2 c2d +
4F−4cdcm(λSP1 )








2 − F−2λPP1 (λSP1 )2 +
1/4F−2λPP1 + 1/2F
−2(λPP1 )









2 − 3/4F−2λPP3 + 5/4F−2λSP1 λSP2 −
1/8F−2(λSP1 )
2 − 2F−2(λSP1 )3λSP2 + 1/2F−2(λSP1 )4 −
3/32F−2
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2 + 3/2F−2λPP3 − 7/2F−2λSP1 λSP2 +
3/4F−2(λSP1 )
2 + 4F−2(λSP1 )
3λSP2 − F−2(λSP1 )4 + 3/16F−2
223 i 〈P {uµ,∇µP} 〉〈χ− 〉 8F−4dmλPP1 cdλSP1 +8F−4dmλPP2 cdλSP1 +1/2F−4dmcdλSP1 −
8F−4dmcd(λSP1 )
3 + 6F−4λPP1 cdcm − 3F−4λPP1 c2d +




2 + F−2λPP1 λ
PP





2 − 3F−2λPP1 (λSP1 )2 + 1/4F−2λPP1 +
1/2F−2(λPP1 )













224 i 〈Pχ− 〉〈 uµ∇µP 〉 F−4dmcdλSP1 − 4F−4λPP2 cdcm + 2F−4λPP2 c2d +
8F−4cdcm(λSP1 )
2 − 4F−4c2dλSP1 λSP2 − 2F−4c2d(λSP1 )2 +
4F−2λPP1 λ
PP











2 − 9F−2λPP2 (λSP1 )2 + 2F−2λPP2 +
4F−2(λPP2 )
2 + 3F−2λPP3 (λ
SP
1 )
2 − 3/2F−2λPP3 +
11/2F−2λSP1 λ
SP
2 − 5/2F−2(λSP1 )2 − 10F−2(λSP1 )3λSP2 +
4F−2(λSP1 )
4 + 3/16F−2
225 〈Pχ+Pχ+ 〉 8NF−6dmc2dcmλSP1 + 2NF−6d2mc2d + 8NF−6c2dc2m(λSP1 )2 −
6NF−4dmλPP1 cmλ
SP
1 − 12NF−4dmλPP2 cmλSP1 +
4NF−4dmλPP3 cdλ
SP
1 − 4NF−4dmcdλSS3 λSP1 −
2NF−4dmcdλSP2 − 3/2NF−4dmcmλSP1 +
22NF−4dmcm(λSP1 )









































2 −NF−2λSS3 (λSP1 )2
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226 〈PPχ+χ+ 〉 8NF−6dmc2dcmλSP1 + 2NF−6d2mc2d + 8NF−6c2dc2m(λSP1 )2 −
6NF−4dmλPP1 cmλ
SP
1 − 12NF−4dmλPP2 cmλSP1 +
4NF−4dmλPP3 cdλ
SP
1 − 4NF−4dmcdλSS3 λSP1 −
2NF−4dmcdλSP2 − 3/2NF−4dmcmλSP1 +
22NF−4dmcm(λSP1 )
























4 − NF−2λPP1 λPP3 −









2 + 1/4NF−2λPP3 +
2NF−2(λPP3 )
2(λSP1 )







2 + NF−2(λSP2 )
2
227 〈P 〉〈Pχ+χ+ 〉 −8F−6dmc2dcmλSP1 − 16F−6c2dc2m(λSP1 )2 −
12F−4dmλPP1 cmλ
SP







1 − 4F−4d2mλPP2 + 8F−4d2m(λSP1 )2 +




























2 + 2F−2(λSP2 )
2
228 〈Pχ+ 〉2 8F−6dmc2dcmλSP1 + 4F−6d2mc2d − 12F−4dmλPP1 cmλSP1 +
8F−4dmλPP3 cdλ
SP







1 − 4F−4d2mλPP2 + 10F−4d2m(λSP1 )2 +




































2 + 2F−2(λSP2 )
2
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2 − F−2λSS3 (λSP1 )2 +
4F−2(λSS3 )
2(λSP1 )
2 − F−2λSP1 λSP2 + 1/4F−2(λSP1 )2 +
F−2(λSP2 )
2
230 〈PPχ+ 〉〈χ+ 〉 −12F−4dmλPP1 cmλSP1 − 24F−4dmλPP2 cmλSP1 −
8F−4dmcdλSS3 λ
SP
1 − 4F−4dmcdλSP2 − 3F−4dmcmλSP1 +
36F−4dmcm(λSP1 )










2 − 16F−4cdcmλSS3 (λSP1 )2 −
8F−4cdcmλSP1 λ
SP
2 − 2F−4c2m(λSP1 )2 + 24F−4c2m(λSP1 )4 −
2F−2λPP1 λ
PP



















2 + 2F−2(λSP2 )
2





NF−4dmcdλSP2 − NF−4dmcmλSP1 − 1/8NF−4d2m −





















2 + NF−2λPP1 λ
PP


















2 − 2NF−2λPP3 (λSP1 )2 +1/4NF−2λPP3 −
NF−2(λPP3 )
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232 〈Pχ−Pχ− 〉 −4NF−4dmλPP2 cdλSP1 − 8NF−4dmcd(λSP1 )2λSP2 +
4NF−4dmcd(λSP1 )
3 + NF−4dmcdλSP2 − NF−4dmcmλSP1 −




























2 − 3/4NF−2λSP1 λSP2 −
14NF−2(λSP1 )
2(λSP2 )
2 + 1/4NF−2(λSP1 )
2 +
11NF−2(λSP1 )
3λSP2 − 2NF−2(λSP1 )4
233 〈P 〉〈Pχ−χ− 〉 1/32F−2+F−4dmcdλSP1 +2F−4dmcdλSP2 −4F−4dmcmλSP1 −









2 − 12F−4c2m(λSP1 )2 − F−2λPP1 λPP2 +
2F−2λPP1 λ
PP
3 − 6F−2λPP1 λSP1 λSP2 + 2F−2λPP1 (λSP1 )2 −
1/2F−2(λPP1 )
2 + 2F−2λPP2 λ
PP













2 − 2F−2(λPP3 )2 + 1/2F−2λSP1 λSP2 −
16F−2(λSP1 )
2(λSP2 )
2−1/4F−2(λSP1 )2 +10F−2(λSP1 )3λSP2 −
3/2F−2(λSP1 )
4
234 〈Pχ− 〉2 −1/32F−2 + F−4dmcdλSP1 + 2F−4dmcdλSP2 −
































2 − 1/4F−2λPP2 −
F−2(λPP2 )




2 − 4F−2λPP3 (λSP1 )2 −
2F−2(λPP3 )
2 − 1/2F−2λSP1 λSP2 − 20F−2(λSP1 )2(λSP2 )2 +
1/4F−2(λSP1 )
2 + 14F−2(λSP1 )
3λSP2 − 5/2F−2(λSP1 )4
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235 〈PP 〉〈χ−χ− 〉 −1/64F−2 + F−4dmcdλSP1 − 2F−4dmcmλSP1 −









2 + F−2λPP1 λ
PP









2 − F−2λPP3 (λSP1 )2 − 1/4F−2λPP3 −
F−2(λPP3 )
2 + 1/2F−2λSP1 λ
SP
2 − 4F−2(λSP1 )2(λSP2 )2 −
1/8F−2(λSP1 )
2 + 2F−2(λSP1 )
3λSP2 − 1/4F−2(λSP1 )4




−4dmcdλSP1 −16F−4dmcd(λSP1 )2λSP2 +
8F−4dmcd(λSP1 )
3 + 2F−4dmcdλSP2 − 4F−4dmcmλSP1 −


















2 − 12F−4c2m(λSP1 )2 − F−2λPP1 λPP2 +
2F−2λPP1 λ
PP
3 − 10F−2λPP1 λSP1 λSP2 + 3F−2λPP1 (λSP1 )2 −
1/2F−2(λPP1 )
2 + 2F−2λPP2 λ
PP













2 − 2F−2(λPP3 )2 + 1/2F−2λSP1 λSP2 −
32F−2(λSP1 )
2(λSP2 )
2−1/4F−2(λSP1 )2 +22F−2(λSP1 )3λSP2 −
7/2F−2(λSP1 )
4
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1 − 2F−2M2S(λSP1 )3




























1 − F−2M2S(λSP1 )3
243 〈 uµ 〉〈∇µPS 〉 −6F−4c2dM2SλSP1 − 2F−2λPP1 M2SλSP1 + 2F−2λSS1 M2SλSP1 +
2F−2M2Sλ
SP
1 − F−2M2S(λSP1 )3










245 i 〈χ− {S, P} 〉 −4NF−4dmcdM2S(λSP1 )2 + 1/2NF−4dmcdM2S +
4NF−4M2P cdcmλ
SP
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248 i 〈SP 〉〈χ− 〉 −8F−4dmcdM2S(λSP1 )2 + F−4dmcdM2S +
4F−4M2P cdcmλ
SP























































































































1 −1/96NF−2λSP1 −5/12NF−2(λSP1 )3+
1/2NF−2(λSP1 )
5
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3 − NF−2λSS2 (λSP1 )3 + 3/16NF−2λSP1 −
1/12NF−2(λSP1 )
3 + 1/3NF−2(λSP1 )
5


































































3 − 1/6NF−2(λSP1 )5



















































−2λSP1 − 5/8NF−2(λSP1 )3
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1 − 2/3NF−4c2d(λSP1 )3 +
1/12NF−2λPP1 λ
SP
1 − 2/3NF−2λPP2 λSS2 λSP1 +
1/6NF−2λPP2 λ
SP















1 − 2/3NF−4c2dλSS2 λSP1 +
1/6NF−4c2dλ
SP
















1 − 7/6NF−2λSS1 (λSP1 )3 −
NF−2(λSS1 )
2λSP1 − 5/4NF−2λSS2 λSP1 + NF−2λSS2 (λSP1 )3 +
1/96NF−2λSP1 − 1/12NF−2(λSP1 )3


















1 − 2NF−2λPP2 λSS2 λSP1 +
7/6NF−2λSS1 λ
SP
























1 − 1/24NF−2λSS1 λSP1 +
1/4NF−2λSS2 λ
SP
1 − 5/96NF−2λSP1 − 1/24NF−2(λSP1 )3






























































3 − 23/96NF−2λSP1 + 5/8NF−2(λSP1 )3
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3− 4F−2(λPP2 )2λSP1 −
1/24F−2λSS1 λ
SP
1 − 1/6F−2λSS1 (λSP1 )3 − 1/12F−2λSS2 λSP1 −
11/96F−2λSP1 + 1/12F
−2(λSP1 )
3 − 1/2F−2(λSP1 )5




























3 + 2F−2(λSS1 )
2λSP1 − 7/48F−2λSP1 +
1/6F−2(λSP1 )
3 − 1/3F−2(λSP1 )5














































3 + 11/3F−2λSS2 λ
SP
1 − 4F−2λSS2 (λSP1 )3 −
13/48F−2λSP1 − 2/3F−2(λSP1 )3 + F−2(λSP1 )5
264 〈P 〉〈∇µSuνuµuν 〉 2/3F−4λPP1 c2dλSP1 −2/3F−4c2dλSS1 λSP1 +4/3F−4c2dλSS2 λSP1 +
1/6F−4c2dλ
SP


















3 − 5/48F−2λSP1 +
1/2F−2(λSP1 )
3 − 1/3F−2(λSP1 )5

































1 −10/3F−2λSS1 (λSP1 )3+
2F−2(λSS1 )
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3 − 1/2F−2(λSP1 )5












































1 − 4F−2λSS2 (λSP1 )3 + 8F−2(λSS2 )2λSP1 −
7/32F−2λSP1 − 1/4F−2(λSP1 )3 + 1/2F−2(λSP1 )5
268 〈 uµP 〉〈∇µSu · u 〉 2F−4λPP1 c2dλSP1 − 4/3F−4λPP2 c2dλSP1 + 2F−4c2dλSS1 λSP1 +
11/6F−4c2dλ
SP





























































































3 + 8F−2(λSS2 )
2λSP1 − 19/48F−2λSP1 −
2/3F−2(λSP1 )
3 + F−2(λSP1 )
5
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3 + 4F−2(λSS1 )
2λSP1 − 1/16F−2λSP1 +
1/2F−2(λSP1 )
3 − F−2(λSP1 )5































3 − 1/3F−2(λSP1 )5
























1 − 7/12F−2λSP1 +
1/3F−2(λSP1 )
3






























3−4F−2(λPP2 )2λSP1 +4F−2λSS1 λSS2 λSP1 −
1/12F−2λSS1 λ
SP






















































3 + 2F−2(λSS1 )
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3 − 3F−2λSS2 λSP1 + 2F−2λSS2 (λSP1 )3 +
31/48F−2λSP1 + 5/6F
−2(λSP1 )
3 − F−2(λSP1 )5
































1 − 7F−2λSS1 (λSP1 )3 + 4F−2(λSS1 )2λSP1 +
3/2F−2λSS2 λ
SP
1 − 2F−2λSS2 (λSP1 )3 + 47/48F−2λSP1 −
11/6F−2(λSP1 )
3 + F−2(λSP1 )
5






















3 − F−2(λSS1 )2λSP1 +
3/4F−2λSS2 λ
SP
1 − 2/3F−2λSS2 (λSP1 )3 − 17/96F−2λSP1 +
1/12F−2(λSP1 )
3
































1 −1/12F−2λSS2 λSP1 +4/3F−2λSS2 (λSP1 )3−
4F−2(λSS2 )
2λSP1 − 37/96F−2λSP1 − 1/12F−2(λSP1 )3
























−2λSP1 − 1/6F−2(λSP1 )3
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280 〈 uµu · u 〉〈∇µPS 〉 2F−4λPP1 c2dλSP1 + 4F−4c2dλSS1 λSP1 − F−2λPP1 λSS1 λSP1 +
3/4F−2λPP1 λ
SP





























































1 − 4/3F−2λPP1 λSS2 λSP1 +
5/12F−2λPP1 λ
SP












3 + 13/48F−2λSP1 −
1/3F−2(λSP1 )
3













1 − 4F−2λSS1 λSS2 λSP1 +
3/4F−2λSS1 λ
SP




3 − 11/48F−2λSP1 + 1/6F−2(λSP1 )3

















3 − F−2λPP1 λSS1 λSP1 − 2/3F−2λPP1 λSS2 λSP1 −
1/12F−2λPP1 λ
SP
1 −2F−2λPP2 λSS1 λSP1 −4/3F−2λPP2 λSS2 λSP1 −
1/6F−2λPP2 λ
SP
























































3 − F−2(λSS1 )2λSP1 + F−2λSS2 λSP1 +
1/8F−2λSP1 − 1/2F−2(λSP1 )3
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1 − 13/12F−2λPP1 λSP1 +
13/12F−2λSS1 λ
SP




3 + 23/48F−2λSP1 − 1/6F−2(λSP1 )3
288 〈Suν∇µPuν 〉〈 uµ 〉 −8/3F−6c4dλSP1 − 8/3F−4c2dλSS1 λSP1 +28/3F−4c2dλSS2 λSP1 −
1/3F−4c2dλ
SP








1 − 1/6F−2λPP2 λSP1 +
5/6F−2λSS1 λ
SP




3 + 7/12F−2λSP1 − 1/3F−2(λSP1 )3




















3 − 4F−2(λSS2 )2λSP1 − 17/48F−2λSP1 −
1/6F−2(λSP1 )
3













1 − 1/3F−2λPP1 λSS2 λSP1 +
11/24F−2λPP1 λ
SP














2λSP1 − 7/12F−2λSS2 λSP1 + 2/3F−2λSS2 (λSP1 )3 +
47/96F−2λSP1 − 2/3F−2(λSP1 )3




















3 + 17/48F−2λSP1 + 1/6F
−2(λSP1 )
3
















































Appendix G: β-function Coeﬃcients 211











295 i 〈Puµ∇νSfµν+ 〉+ h.c. −1/6NF−4c2dλSP1 + 1/6NF−2λPP1 λSP1 +
1/3NF−2λPP2 λ
SP
1 −1/6NF−2λSS1 λSP1 +1/3NF−2λSS2 λSP1 −
1/12NF−2λSP1 − 1/12NF−2(λSP1 )3
296 i 〈 uµfµν+ ∇νPS 〉+ h.c. 1/3NF−4c2dλSP1 + 1/6NF−2λSS1 λSP1 − 1/3NF−2λSS2 λSP1 +
1/24NF−2λSP1







298 i 〈Suµ∇νPfµν+ 〉+ h.c. 1/6NF−4c2dλSP1 −1/6NF−2λPP1 λSP1 −1/3NF−2λPP2 λSP1 +
1/6NF−2λSS1 λ
SP
1 − 1/3NF−2λSS2 λSP1 + 1/12NF−2λSP1 +
1/12NF−2(λSP1 )
3
299 i 〈 uµ 〉〈 fµν+ [∇νS, P ] 〉 −1/3F−4c2dλSP1 − 1/3F−2λPP1 λSP1 + 1/6F−2(λSP1 )3
300 i 〈∇µS 〉〈 fµν+ [P, uν] 〉 1/3F−4c2dλSP1 + 1/12F−2λSP1 − 1/6F−2(λSP1 )3
301 i 〈P 〉〈 fµν+ [uµ,∇νS] 〉 1/3F−2λPP1 λSP1 − 1/3F−2λSS1 λSP1 + 2/3F−2λSS2 λSP1 +
1/12F−2λSP1 − 1/3F−2(λSP1 )3
302 i 〈 uµ 〉〈 fµν+ [S,∇νP ] 〉 −1/3F−4c2dλSP1 − 1/3F−2λPP1 λSP1 + 1/6F−2(λSP1 )3




−2λSP1 − 1/6F−2(λSP1 )3
304 i 〈S 〉〈 fµν+ [uµ,∇νP ] 〉 1/12F−2λSP1












1 − 1/12NF−2λSS1 λSP1 +
1/6NF−2λSS2 λ
SP
1 − 1/3NF−2λSS2 (λSP1 )3 − 1/48NF−2λSP1


























3 − 1/16NF−2λSP1 − 1/12NF−2(λSP1 )3





1 − 1/3NF−2λSS2 (λSP1 )3
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309 〈 uµPfµν− uνS 〉+ h.c. −1/3NF−4λPP1 c2dλSP1 − 2/3NF−4c2dλSS1 λSP1 +
1/4NF−4c2dλ
SP













1 − 1/12NF−2λPP2 λSP1 +
1/24NF−2λSS1 λ
SP
1 − 1/6NF−2λSS1 (λSP1 )3 −
1/12NF−2λSS2 λ
SP
1 − 1/96NF−2λSP1 + 1/24NF−2(λSP1 )3















1 − 1/4NF−2λPP2 λSP1 +
1/8NF−2λSS1 λ
SP













































3 + 1/12F−2λSS2 λ
SP
1 − 1/96F−2λSP1 −
1/24F−2(λSP1 )
3
312 〈 uµ 〉〈SuνPfµν− 〉+ h.c. +2/3F−4c2dλSS1 λSP1 − 2/3F−4c2dλSS2 λSP1





1 − 1/3F−2λPP1 λSS2 λSP1 −
1/24F−2λPP1 λ
SP









3 − 1/12F−2λSS2 λSP1 + 1/96F−2λSP1 +
1/24F−2(λSP1 )
3










315 〈S 〉〈 uµuνPfµν− 〉+ h.c. −4/3F−6c4dλSP1 + F−4c2dλSS1 λSP1 + 1/6F−4c2dλSP1 +
1/24F−2λSP1
316∗ 〈 fµν− {∇µP,∇νS} 〉 1/3NF−4c2dλSP1 − 1/6NF−2(λSP1 )3
317∗ 〈∇µP 〉〈 fµν− ∇νS 〉 2/3F−4c2dλSP1 − 1/3F−2(λSP1 )3
318∗ 〈∇µS 〉〈 fµν− ∇νP 〉 −2/3F−4c2dλSP1 + 1/3F−2(λSP1 )3






1 − 1/24NF−2λSP1 −
1/12NF−2(λSP1 )
3
Appendix G: β-function Coeﬃcients 213
320 i 〈 fµν+ f−µνPS 〉+ h.c. 1/6NF−4c2dλSP1 +1/12NF−2λPP1 λSP1 +1/6NF−2λPP2 λSP1 −
1/16NF−2λSP1 − 1/12NF−2(λSP1 )3




322 i 〈P 〉〈 fµν+ f−µνS 〉+ h.c. 1/6F−2λPP1 λSP1 − 1/6F−2λSS1 λSP1 + 1/3F−2λSS2 λSP1 +
1/24F−2λSP1 − 1/6F−2(λSP1 )3
323 i 〈S 〉〈P [fµν+ , f−µν ] 〉 1/24F−2λSP1










325 〈 uµ∇µSχ+P 〉+ h.c. 3NF−6dmc3d + 6NF−6c3dcmλSP1 − NF−4dmλPP1 cd −
4NF−4dmλPP2 cd − NF−4dmcdλSS1 − 2NF−4dmcdλSS2 +
8NF−4dmcd(λSP1 )
2 − 3/2NF−4dmcd −
2NF−4λPP1 cdcmλ
SP





1 − 2NF−4cdcmλSS1 λSP1 −
4NF−4cdcmλSS2 λ
SP
1 − 2NF−4cdcmλSP1 +
12NF−4cdcm(λSP1 )
3 − 4NF−4c2dλSS3 λSP1 −
1/2NF−4c2dλ
SP






























326 〈 uµ∇µSPχ+ 〉+ h.c. 3NF−6dmc3d + 6NF−6c3dcmλSP1 − 2NF−4dmλPP1 cd −
4NF−4dmλPP2 cd − NF−4dmcdλSS1 − 2NF−4dmcdλSS2 +
9NF−4dmcd(λSP1 )
2 − 5/4NF−4dmcd −
2NF−4λPP1 cdcmλ
SP





1 − 2NF−4cdcmλSS1 λSP1 −
4NF−4cdcmλSS2 λ
SP
1 − 2NF−4cdcmλSP1 +
12NF−4cdcm(λSP1 )
3 − 2NF−4c2dλSS3 λSP1 −
2NF−4c2dλ
SP
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327 〈 uµχ+∇µPS 〉+ h.c. 2NF−4c2dλSS3 λSP1 −1/4NF−2λSS1 λSP1 −2NF−2λSS2 λSS3 λSP1 +
3/16NF−2λSP1
328 〈 uµ∇µPχ+S 〉+ h.c. −2NF−4dmλPP1 cd+2NF−4dmcd(λSP1 )2−3/2NF−4dmcd+





















1 −1/2NF−2λSS2 λSP1 +
NF−2λSS3 λ
SP
1 −3/2NF−2λSS3 (λSP1 )3−1/2NF−2(λSP1 )2λSP2
329 〈 uµ∇µPSχ+ 〉+ h.c. −4NF−4dmλPP2 cd + NF−4dmcd(λSP1 )2 +























3 −NF−2(λSP1 )2λSP2 + 3/4NF−2λSP2
330 〈 uµ 〉〈∇µS {P, χ+} 〉 −2F−6dmc3d − 4F−6c3dcmλSP1 + F−4dmλPP1 cd −






























1 − 1/2F−2λSS1 λSP1 +
F−2λSS1 λ
SP
2 − 3/2F−2λSS3 λSP1 + F−2λSS3 (λSP1 )3 +
1/16F−2λSP1 + 1/2F
−2(λSP1 )
2λSP2 − 1/4F−2(λSP1 )3 −
3/4F−2λSP2






































3 + 3/8F−2λSP1 +
F−2(λSP1 )
2λSP2 − 1/2F−2(λSP1 )3 − 3/2F−2λSP2
332 〈P 〉〈χ+ {uµ,∇µS} 〉 −8F−6c3dcmλSP1 − 3F−4dmλPP1 cd + 3F−4dmcd(λSP1 )2 +
5/4F−4dmcd − 4F−4λPP1 cdcmλSP1 + F−4cdcmλSP1 +
4F−4cdcm(λSP1 )
3 − 6F−4c2dλSS3 λSP1 + 2F−4c2dλSP1 −
3F−4c2dλ
SP
2 − F−2λPP1 λPP3 λSP1 + 1/4F−2λPP1 λSP1 −
F−2λPP2 λ
SP










1 − F−2λSS2 λSP1 + 2F−2λSS2 λSP2 +
3/2F−2λSS3 λ
SP
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2 − 2F−2λPP1 λPP3 λSP1 +
1/2F−2λPP1 λ
SP












3 + 1/8F−2λSP1 +
F−2(λSP1 )
2λSP2 − 1/2F−2(λSP1 )3 − 3/2F−2λSP2
334 〈P {uµ,∇µS} 〉〈χ+ 〉 −3F−4dmλPP1 cd − 6F−4dmλPP2 cd + 11F−4dmcd(λSP1 )2 −
5/4F−4dmcd − 4F−4λPP1 cdcmλSP1 − 8F−4λPP2 cdcmλSP1 −
F−4cdcmλSP1 + 12F
−4cdcm(λSP1 )
3 − 6F−4c2dλSS3 λSP1 −
3F−4c2dλ
SP

































1 − 3F−2λSS3 (λSP1 )3 −
1/16F−2λSP1 − 3/2F−2(λSP1 )2λSP2 + 3/4F−2(λSP1 )3 +
3/4F−2λSP2
335 〈Pχ+ 〉〈 uµ∇µS 〉 12F−6dmc3d + 8F−6c3dcmλSP1 − 6F−4dmλPP1 cd −
4F−4dmcdλSS1 − 8F−4dmcdλSS2 + 18F−4dmcd(λSP1 )2 −
1/2F−4dmcd − 8F−4λPP1 cdcmλSP1 + 12F−4λPP3 c2dλSP1 −
8F−4cdcmλSS1 λ
SP
1 − 16F−4cdcmλSS2 λSP1 − 4F−4cdcmλSP1 +
32F−4cdcm(λSP1 )
3 − 12F−4c2dλSS3 λSP1 + 4F−4c2dλSP1 −
6F−4c2dλ
SP
2 − 2F−2λPP1 λPP3 λSP1 + 1/2F−2λPP1 λSP1 −
2F−2λPP2 λ
SP



































3 − 3/8F−2λSP1 − 3F−2(λSP1 )2λSP2 +
3/2F−2(λSP1 )
3 + 3/2F−2λSP2
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336 〈 uµ {P, χ+} 〉〈∇µS 〉 −2F−6dmc3d − 4F−6c3dcmλSP1 + F−4dmλPP1 cd +
2F−4dmλPP2 cd − 2F−4dmcdλSS1 − 3F−4dmcd(λSP1 )2 +
5/4F−4dmcd − 2F−4λPP3 c2dλSP1 − 4F−4cdcmλSS1 λSP1 +
3F−4cdcmλSP1 − 4F−4cdcm(λSP1 )3 + 2F−4c2dλSS3 λSP1 +
F−4c2dλ
SP
















1 − 1/2F−2λSS1 λSP1 +
F−2λSS1 λ
SP
2 − 3/2F−2λSS3 λSP1 + F−2λSS3 (λSP1 )3 +
3/16F−2λSP1 + 1/2F
−2(λSP1 )
2λSP2 − 1/4F−2(λSP1 )3 −
3/4F−2λSP2

















2 − F−2λSS1 λSS3 λSP1 −
1/4F−2λSS1 λ
SP





















2 − F−2λSS1 λSS3 λSP1 −
1/4F−2λSS1 λ
SP







3 + 3/16F−2λSP1 +
1/2F−2(λSP1 )
2λSP2 − 3/4F−2λSP2












2 − 2F−2λSS1 λSS3 λSP1 − 1/2F−2λSS1 λSP1 −
1/2F−2λSS3 λ
SP
1 −3/8F−2λSP1 +F−2(λSP1 )2λSP2 −3/2F−2λSP2





















341 〈S 〉〈χ+ {uµ,∇µP} 〉 −2F−4dmλPP1 cd − 4F−4dmλPP2 cd + 3F−4dmcd(λSP1 )2 −




















1 − 1/4F−2λSS3 λSP1 −
3/16F−2λSP1 − 3/2F−2(λSP1 )2λSP2 + 3/4F−2λSP2
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342 〈S {uµ,∇µP} 〉〈χ+ 〉 −2F−4dmλPP1 cd − 4F−4dmλPP2 cd + 3F−4dmcd(λSP1 )2 −














2 −F−2λSS1 λSS3 λSP1 +
3/4F−2λSS1 λ
SP




−2λSP1 − 3/2F−2(λSP1 )2λSP2 +
3/4F−2λSP2
343 〈Sχ+ 〉〈 uµ∇µP 〉 −4F−4dmλPP1 cd − 8F−4dmλPP2 cd + 6F−4dmcd(λSP1 )2 −
















1 − 1/2F−2λSS1 λSP1 + 2F−2λSS2 λSP1 +
5/2F−2λSS3 λ
SP














2 −NF−4cdcmλSS1 λSP1 −
2NF−4cdcmλSS2 λ
SP







































2 − 1/2NF−4dmcdλSS1 +
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2 + 1/2NF−4dmcdλSS2 +
1/2NF−4dmcd(λSP1 )








































































1 − NF−2λPP2 λSS3 λSP1 +
1/8NF−2λPP2 λ
SP
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3 + 1/2NF−2(λSP1 )
4λSP2 + 1/8NF
−2λSP2






















2 − 6NF−4c2dλSS2 λSP1 + 4NF−4c2dλSS2 λSP2 +
3/4NF−4c2dλ
SP





1 − 2NF−2λPP1 λSS2 λSP2 −
3/16NF−2λPP1 λ
SP










1 − 2NF−2λPP3 λSS2 λSP1 +
3/8NF−2λPP3 λ
SP



















3 + 1/2NF−2λSS2 λ
SP
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349 i 〈 uνPuν {S, χ−} 〉 4NF−6c3dcmλSP1 − 3NF−6c4dλSP1 + NF−4dmcd(λSP1 )2 +
2NF−4λPP1 cdcmλ
SP











1 − 2NF−4cdcmλSS2 λSP1 +





































































−2λSP1 − 3/16NF−2(λSP1 )3












1 − 5/4F−4cdcmλSP1 +
F−4cdcm(λSP1 )






























1 −F−2λPP1 (λSP1 )2λSP2 +
F−2λPP1 λ
SP





























2 − 4F−2λSS2 λSS3 λSP1 +
3/4F−2λSS2 λ
SP











3 + F−2(λSP1 )
4λSP2 +
1/8F−2λSP2
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3− 1/2F−2λSS2 λSP2 −
3/64F−2λSP1 + 3/4F
−2(λSP1 )
2λSP2 − 3/16F−2(λSP1 )3 −
1/4F−2λSP2
352 i 〈 uµ 〉〈 uµχ−SP 〉+ h.c. 2F−4λPP1 cdcmλSP1 − 3/2F−4λPP1 c2dλSP1 − 2F−4λPP1 c2dλSP2 +
2F−4λPP2 cdcmλ
SP


















































































2λSP2 − F−2λSS2 (λSP1 )3 + 4F−2(λSS2 )2λSP1 −
3/8F−2λSS3 λ
SP
1 − 5/64F−2λSP1 + 1/4F−2(λSP1 )2λSP2 −
1/16F−2(λSP1 )
3 + F−2(λSP1 )
4λSP2 − 1/4F−2λSP2
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1 − F−4λPP1 c2dλSP1 + 4F−4λPP1 c2dλSP2 +
2F−4λPP2 cdcmλ
SP



















































1 − 1/2F−2λSS1 (λSP1 )3 − 4F−2λSS2 λSS3 λSP1 −
1/4F−2λSS2 λ
SP










1 − 3F−4λPP1 c2dλSP1 + 4F−4λPP1 c2dλSP2 +
6F−4λPP2 cdcmλ
SP



























1 − 2F−2λPP1 λSS2 λSP2 − F−2λPP1 λSS3 λSP1 +
1/8F−2λPP1 λ
SP

































1 − 1/2F−2λSS1 (λSP1 )3 − 4F−2λSS2 λSS3 λSP1 +
1/2F−2λSS2 λ
SP










3/32F−2λSP1 − 1/8F−2(λSP1 )3 + 2F−2(λSP1 )4λSP2 −
1/8F−2λSP2
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355 i 〈 uµS 〉〈 uµ {P, χ−} 〉 −2F−6dmc3d−8F−6c3dcmλSP1 +8F−6c4dλSP2 +F−4dmcdλSS1 +
F−4dmcdλSS2 + 1/2F




















2 − 2F−4λPP3 c2dλSP1 + 4F−4cdcmλSS1 λSP1 +
12F−4cdcmλSS2 λ
SP


























2 − 2F−2λPP1 λSS2 λSP2 − F−2λPP1 λSS3 λSP1 −
1/8F−2λPP1 λ
SP





















































2 + F−4dmcdλSS2 + F
−4dmcd(λSP1 )
2 −
1/4F−4dmcd − 4F−4λPP1 cdcmλSP1 + 5/2F−4λPP1 c2dλSP1 +
2F−4λPP2 cdcmλ
SP








































































































3 − 3/64F−2λSP1 +
1/16F−2(λSP1 )
3 + 3/16F−2λSP2
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357 i 〈χ− {S, P} 〉〈 u · u 〉 −F−6dmc3d − 4F−6c3dcmλSP1 + 4F−6c4dλSP2 +













1 − F−4λPP3 c2dλSP1 + 10F−4cdcmλSS1 λSP1 −





























1 − 1/2F−2λPP1 λSS3 λSP1 +
5/16F−2λPP1 λ
SP
1 − F−2λPP1 (λSP1 )2λSP2 −
5/4F−2λPP1 λ
SP

















3 − 5/4F−2λSS1 λSP2 + F−2(λSS1 )2λSP1 −
3/8F−2λSS2 λ
SP








3 + F−2(λSP1 )
4λSP2 + 3/16F
−2λSP2



























1 − F−4λPP3 c2dλSP1 + 12F−4cdcmλSS1 λSP1 −

















































1 − 3/8F−2λPP3 λSP1 − 2F−2λSS1 λSS3 λSP1 −
3/8F−2λSS1 λ
SP















3 − 1/32F−2λSP1 +
3/2F−2(λSP1 )
2λSP2 − 1/2F−2(λSP1 )3 + 1/16F−2λSP2
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359 i 〈S {χ−, u · u} 〉〈P 〉 −F−6dmc3d − 2F−6c3dcmλSP1 − F−4dmcdλSS1 +











1 − 3/2F−4cdcmλSP1 −
4F−4cdcm(λSP1 )

























1 −F−2λPP1 (λSP1 )2λSP2 +1/4F−2λPP1 λSP2 −
F−2λPP2 λ
SP









2λSP2 − 3/2F−2λSS1 (λSP1 )3− 1/4F−2λSS1 λSP2 +
F−2(λSS1 )












360 i 〈Su · u 〉〈Pχ− 〉 −2F−6dmc3d−8F−6c3dcmλSP1 +8F−6c4dλSP2 −F−4dmcdλSS1 −
1/4F−4dmcd + 2F−4λPP1 cdcmλ
SP










1 − 2F−4λPP3 c2dλSP1 +
4F−4cdcmλSS1 λ
SP























































1 − 3F−2λPP3 λSS1 λSP1 − 2F−2λPP3 λSS2 λSP1 +
3/4F−2λPP3 λ
SP
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2 + F−4dmcdλSS1 −
2F−4dmcd(λSP1 )















2 − 2F−4λPP3 c2dλSP1 + 28F−4cdcmλSS1 λSP1 −















































































3 + 2F−2(λSP1 )
4λSP2 + 1/8F
−2λSP2
362 i 〈SP 〉〈χ−u · u 〉 −2F−6dmc3d−8F−6c3dcmλSP1 +4F−6c4dλSP1 +F−4dmcdλSS1 −
3/4F−4dmcd + 2F−4λPP1 cdcmλ
SP





2 − 2F−4λPP3 c2dλSP1 + 12F−4cdcmλSS1 λSP1 −

































1 − 3/4F−2λPP3 λSP1 − 4F−2λSS1 λSS3 λSP1 −
5/8F−2λSS1 λ
SP












2λSP2 − 3/8F−2(λSP1 )3 +
3/8F−2λSP2
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1 − 4F−2λPP3 λSS2 λSP1 + 3/4F−2λPP3 λSP1 +
1/8F−2λSS1 λ
SP











−2λSP1 − 3/2F−2(λSP1 )2λSP2 +
3/8F−2(λSP1 )
3
364 i 〈 uνSuνP 〉〈χ− 〉 F−4dmcdλSS1 + 16F−4dmcdλSS2 (λSP1 )2 − 2F−4dmcdλSS2 +
1/4F−4dmcd + 2F−4λPP1 cdcmλ
SP





























































2λSP2 − 6F−2λSS2 (λSP1 )3 + F−2λSS2 λSP2 −
3/4F−2λSS3 λ
SP
1 − 2F−2(λSP1 )2λSP2 + 1/2F−2(λSP1 )3



























































3 − 3/4F−2λSS3 λSP1 − 3/32F−2λSP1 +
1/2F−2(λSP1 )
2λSP2 − 1/8F−2(λSP1 )3
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366 i 〈χ− {∇µP,∇µS} 〉 4NF−4dmcd(λSP1 )2 +3NF−4cdcmλSP1 −3/2NF−4c2dλSP1 +
3NF−2(λSP1 )
2λSP2 − 3/4NF−2(λSP1 )3
367 i 〈χ− 〉〈∇µP∇µS 〉 8F−4dmcd(λSP1 )2 + 6F−4cdcmλSP1 − 3F−4c2dλSP1 +
6F−2(λSP1 )
2λSP2 − 3/2F−2(λSP1 )3
368 i 〈χ−∇µP 〉〈∇µS 〉 −2F−4cdcmλSP1 + F−4c2dλSP1 − 2F−2(λSP1 )2λSP2 +
1/2F−2(λSP1 )
3
369 i 〈χ−∇µS 〉〈∇µP 〉 −2F−4cdcmλSP1 + F−4c2dλSP1 − 2F−2(λSP1 )2λSP2 +
1/2F−2(λSP1 )
3
370 i 〈Sχ+χ−P 〉+ h.c. −2NF−4dmλPP2 cd + 4NF−4dmcdλSS3 (λSP1 )2 −
1/2NF−4dmcdλSS3 − 4NF−4dmcdλSP1 λSP2 +
2NF−4dmcd(λSP1 )
2 − 1/4NF−4dmcd + 1/8NF−4dmcm +
2NF−4cdcmλSS3 λ
SP


























1 − NF−2λPP3 λSS3 λSP1 − NF−2λPP3 λSP2 +
1/4NF−2λSS1 λ
SP








2 −NF−2(λSP1 )2λSP2 + 1/4NF−2λSP2
371 i 〈Sχ+Pχ− 〉+ h.c. −12NF−6dmc2dcm(λSP1 )2 − 8NF−6dmc2dcm +
5NF−6dmc3d − 6NF−6d2mc2dλSP1 − 16NF−6c2dc2mλSP1 +
10NF−6c3dcmλ
SP
1 − 2NF−4dmλPP1 cd +
NF−4dmλPP1 cm − 2NF−4dmλPP2 cd + 2NF−4dmλPP2 cm +










NF−4dmcd + 2NF−4dmcmλSS1 (λ
SP
1 )




2 + 2NF−4dmcmλSS2 −
7/2NF−4dmcm(λSP1 )








































1 − 4NF−4cdcmλSS2 λSP1 +
6NF−4cdcmλSS3 λ
SP


































































2 − 1/2NF−2(λSP1 )2λSP2
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372 i 〈Sχ−χ+P 〉+ h.c. −12NF−6dmc2dcm(λSP1 )2 − 8NF−6dmc2dcm +
5NF−6dmc3d − 6NF−6d2mc2dλSP1 − 16NF−6c2dc2mλSP1 +
10NF−6c3dcmλ
SP
1 − NF−4dmλPP1 cd + NF−4dmλPP1 cm −
2NF−4dmλPP2 cd + 2NF














































1 − 4NF−4cdcmλSS2 λSP1 +
8NF−4cdcmλSS3 λ
SP















































2λSP2 −NF−2λSS3 λSP2 +NF−2λSP1 (λSP2 )2+
1/4NF−2λSP2
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1 − 8F−6c2dc2mλSP1 + 4F−6c3dcmλSP1 −
F−4dmλPP1 cd − 2F−4dmλPP2 cd + 2F−4dmλPP3 cd −
2F−4dmcdλSS1 + 2F
−4dmcdλSS3 − 8F−4dmcdλSP1 λSP2 +
3F−4dmcd(λSP1 )
2− 1/4F−4dmcd +4F−4dmcmλSS1 (λSP1 )2 +










1 − 4F−4cdcmλSS1 λSP1 + 8F−4cdcmλSS3 λSP1 −
F−4cdcmλSP1 +F






































1 − F−2λSS2 λSP2 +
1/4F−2λSS3 λ
SP




2 − 3/2F−2(λSP1 )2λSP2
374 i 〈S {χ−, χ+} 〉〈P 〉 4F−6c2dc2mλSP1 − 4F−6c3dcmλSP1 − 3F−4dmλPP1 cd +
2F−4dmλPP1 cm + 2F





2 + 1/4F−4dmcd −
2F−4dmcm(λSP1 )








1 − 3F−4cdcmλSP1 +
2F−4cdcm(λSP1 )
3 + 4F−4cdcmλSP2 − 4F−4c2dλSS3 λSP1 +
2F−4c2dλ
SP
























1 − 1/2F−2λSS2 λSP1 + F−2λSS2 λSP2 +
1/2F−2λSS3 λ
SP
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375 i 〈Sχ+ 〉〈Pχ− 〉 −2F−4dmλPP1 cd − 4F−4dmλPP2 cd + 4F−4dmλPP3 cd −
2F−4dmcdλSS3 − 16F−4dmcdλSP1 λSP2 + 6F−4dmcd(λSP1 )2 −
3/2F−4dmcd + 1/2F−4dmcm − 4F−4cdcmλSP1 +











































2λSP2 − 6F−2λSS3 (λSP1 )3 −
2F−2λSS3 λ
SP
2 − 4F−2(λSS3 )2λSP1 + 8F−2λSP1 (λSP2 )2 −
3F−2(λSP1 )
2λSP2
376 i 〈Sχ− 〉〈Pχ+ 〉 −16F−6dmc2dcm(λSP1 )2 − 16F−6dmc2dcm +
12F−6dmc3d − 8F−6d2mc2dλSP1 − 24F−6c2dc2mλSP1 +
16F−6c3dcmλ
SP
1 − 6F−4dmλPP1 cd + 4F−4dmλPP1 cm +
4F−4dmλPP3 cd − 4F−4dmcdλSS1 − 4F−4dmcdλSS2 +
4F−4dmcdλSS3 + 10F
−4dmcd(λSP1 )




2 + 4F−4dmcmλSS1 −
10F−4dmcm(λSP1 )
2 − 3/2F−4dmcm + 4F−4d2mλSS1 λSP1 −
F−4d2mλ
SP































3 + F−2λPP1 λ
SP






















1 − F−2λSS2 λSP1 + 2F−2λSS2 λSP2 +
3/2F−2λSS3 λ
SP
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377 i 〈SP 〉〈χ−χ+ 〉 −2F−4dmλPP1 cd + 4F−4dmλPP3 cd − 8F−4dmcdλSP1 λSP2 +
2F−4dmcd(λSP1 )
2 − 1/2F−4dmcd + 1/2F−4dmcm +
8F−4cdcmλSS3 λ
SP








1 −2F−4c2dλSP2 +2F−4c2mλSP1 +
F−2λPP1 λ
SP












2 − 4F−2(λSS3 )2λSP1 + 4F−2λSP1 (λSP2 )2 −
F−2(λSP1 )
2λSP2
378 i 〈χ− 〉〈χ+ {S, P} 〉 −24F−6dmc2dcm(λSP1 )2 − 12F−6dmc2dcm +
6F−6dmc3d − 12F−6d2mc2dλSP1 − 24F−6c2dc2mλSP1 +
12F−6c3dcmλ
SP
1 − F−4dmλPP1 cd + 2F−4dmλPP3 cd −
2F−4dmcdλSS1 − 2F−4dmcdλSS2 + 8F−4dmcdλSS3 (λSP1 )2 +
F−4dmcdλSS3 − 8F−4dmcdλSP1 λSP2 + 3F−4dmcd(λSP1 )2 −
1/4F−4dmcd + 4F−4dmcmλSS1 (λ
SP
1 )




2 + 4F−4dmcmλSS2 +
F−4dmcm(λSP1 )

















1 − 4F−4cdcmλSS1 λSP1 − 4F−4cdcmλSS2 λSP1 +
12F−4cdcmλSS3 λ
SP

































2 − F−2λPP3 λSS1 λSP1 +
1/4F−2λPP3 λ
SP


















2 − 3/2F−2(λSP1 )2λSP2
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379 i 〈χ− {S, P} 〉〈χ+ 〉 −3F−4dmλPP1 cd + 2F−4dmλPP1 cm − 6F−4dmλPP2 cd +
4F−4dmλPP2 cm + 2F
−4dmλPP3 cd − 8F−4dmcdλSP1 λSP2 +
9F−4dmcd(λSP1 )
2 − 5/4F−4dmcd − 6F−4dmcm(λSP1 )2 +
















































1 − 4F−2λSS3 (λSP1 )2λSP2 −
F−2λSS3 λ
SP




234 Appendix G: β-function Coeﬃcients
Bibliography
[1] A. V. Manohar, “Eﬀective Field Theories,” arXiv:hep-ph/9606222;
A. Dobado, A. Go´mez-Nicola, A. Maroto and J. R. Pelaez, “Eﬀective La-
grangians For The Standard Model,” N.Y., Springer-Verlag, 1997. (Texts and
Monographs in Physics).
[2] A. Pich, “Eﬀective Field Theory,” arXiv:hep-ph/9806303.
[3] T. Appelquist and J. Carazzone, “Infrared Singularities And Massive Fields,”
Phys. Rev. D 11 (1975) 2856.
[4] A. Pich, “Aspects of quantum chromodynamics,” arXiv:hep-ph/0001118.
[5] J. Goldstone, “Field Theories With ’Superconductor’ Solutions,” Nuovo Cim.
19 (1961) 154.
[6] C. Vafa and E. Witten, “Restrictions On Symmetry Breaking In Vector - Like
Gauge Theories,” Nucl. Phys. B 234 (1984) 173.
[7] C. G. . Callan, S. R. Coleman, J. Wess and B. Zumino, “Structure Of Phe-
nomenological Lagrangians. 2,” Phys. Rev. 177 (1969) 2247;
S. R. Coleman, J. Wess and B. Zumino, “Structure Of Phenomenological La-
grangians. 1,” Phys. Rev. 177 (1969) 2239.
[8] S. Weinberg, “Phenomenological Lagrangians,” PhysicaA 96 (1979) 327.
[9] J. Gasser and H. Leutwyler, “Chiral Perturbation Theory To One Loop,” An-
nals Phys. 158 (1984) 142;
J. Gasser and H. Leutwyler, “Chiral Perturbation Theory: Expansions In The
Mass Of The Strange Quark,” Nucl. Phys. B 250 (1985) 465;
J. Gasser and H. Leutwyler, “Low-Energy Expansion Of Meson Form-Factors,”
Nucl. Phys. B 250 (1985) 517.
[10] J. Bijnens, G. Colangelo and G. Ecker, “The mesonic chiral Lagrangian of order
p6,” JHEP 9902 (1999) 020 [arXiv:hep-ph/9902437];
J. Bijnens, G. Colangelo and G. Ecker, “Renormalization of chiral perturbation
theory to order p6,” Annals Phys. 280 (2000) 100 [arXiv:hep-ph/9907333].
236 Bibliography
[11] G. Ecker, “Chiral perturbation theory,” Prog. Part. Nucl. Phys. 35 (1995) 1
[arXiv:hep-ph/9501357];
A. Pich, “Chiral perturbation theory,” Rept. Prog. Phys. 58 (1995) 563
[arXiv:hep-ph/9502366].
[12] M. Neubert, “Heavy quark symmetry,” Phys. Rept. 245 (1994) 259 [arXiv:hep-
ph/9306320].
[13] G. T. Bodwin, E. Braaten and G. P. Lepage, “Rigorous QCD analysis of in-
clusive annihilation and production of heavy quarkonium,” Phys. Rev. D 51
(1995) 1125 [Erratum-ibid. D 55 (1997) 5853] [arXiv:hep-ph/9407339].
[14] G. ’t Hooft, “A Planar Diagram Theory For Strong Interactions,” Nucl. Phys.
B 72 (1974) 461;
G. ’t Hooft, “A Two-Dimensional Model For Mesons,” Nucl. Phys. B 75 (1974)
461.
[15] E. Witten, “Baryons In The 1/N Expansion,” Nucl. Phys. B 160 (1979) 57.
[16] A. V. Manohar, “Large NC QCD,” arXiv:hep-ph/9802419.
[17] G. Ecker, J. Gasser, A. Pich and E. de Rafael, “The Role Of Resonances In
Chiral Perturbation Theory,” Nucl. Phys. B 321 (1989) 311.
[18] G. Ecker, J. Gasser, H. Leutwyler, A. Pich and E. de Rafael, “Chiral La-
grangians For Massive Spin 1 Fields,” Phys. Lett. B 223 (1989) 425.
[19] V. Cirigliano, G. Ecker, M. Eidemuller, R. Kaiser, A. Pich and J. Portoles,
“Towards a consistent estimate of the chiral low-energy constants,” Nucl. Phys.
B 753 (2006) 139 [arXiv:hep-ph/0603205].
[20] S. R. Coleman and E. Witten, “Chiral Symmetry Breakdown In Large N Chro-
modynamics,” Phys. Rev. Lett. 45 (1980) 100.
[21] R. Kaiser and H. Leutwyler, “Large N(c) in chiral perturbation theory,” Eur.
Phys. J. C 17 (2000) 623 [arXiv:hep-ph/0007101].
[22] A. Pich, “Colourless mesons in a polychromatic world,” arXiv:hep-ph/0205030.
[23] R. Kaiser, “Large N(c) in chiral resonance Lagrangians,” arXiv:hep-
ph/0502065.
[24] S. Peris, M. Perrottet and E. de Rafael, “Matching long and short distances in
large-N(c) QCD,” JHEP 9805 (1998) 011 [arXiv:hep-ph/9805442];
M. Knecht and E. de Rafael, “Patterns of spontaneous chiral symmetry breaking
in the large N(c) limit of QCD-like theories,” Phys. Lett. B 424 (1998) 335
[arXiv:hep-ph/9712457];
Bibliography 237
M. Knecht, S. Peris and E. de Rafael, “The electroweak pi+ pi0 mass diﬀerence
and weak matrix elements in the 1/N(c) expansion,” Phys. Lett. B 443 (1998)
255 [arXiv:hep-ph/9809594];
M. Golterman, S. Peris, B. Phily and E. De Rafael, “Testing an approximation
to large-N(c) QCD with a toy model,” JHEP 0201 (2002) 024 [arXiv:hep-
ph/0112042];
M. Golterman and S. Peris, “Large-N(c) QCD meets Regge theory: The ex-
ample of spin-one two-point functions,” JHEP 0101 (2001) 028 [arXiv:hep-
ph/0101098].
[25] J. J. Sanz-Cillero, “Spin-1 correlators at large N(c): Matching OPE and
resonance theory up to O(αs),” Nucl. Phys. B 732 (2006) 136 [arXiv:hep-
ph/0507186].
[26] I. Rosell, J. J. Sanz-Cillero and A. Pich, “Quantum loops in the resonance
chiral theory: The vector form factor,” JHEP 0408 (2004) 042 [arXiv:hep-
ph/0407240].
[27] B. Moussallam, “Chiral sum rules for parameters of the order six Lagrangian
in the W-Z sector and application to pi0, eta, eta-prime decays,” Phys. Rev. D
51 (1995) 4939 [arXiv:hep-ph/9407402];
B. Moussallam, “A sum rule approach to the violation of Dashen’s theorem,”
Nucl. Phys. B 504 (1997) 381 [arXiv:hep-ph/9701400];
M. Knecht and A. Nyﬀeler, “Resonance estimates ofO(p6) low-energy constants
and QCD short-distance constraints,” Eur. Phys. J. C 21 (2001) 659 [arXiv:hep-
ph/0106034];
B. Ananthanarayan and B. Moussallam, “Electromagnetic corrections in the
anomaly sector,” JHEP 0205 (2002) 052 [arXiv:hep-ph/0205232];
P. D. Ruiz-Femen´ıa, A. Pich and J. Portole´s, “Odd-intrinsic-parity pro-
cesses within the resonance eﬀective theory of QCD,” JHEP 0307 (2003) 003
[arXiv:hep-ph/0306157];
V. Cirigliano, G. Ecker, M. Eidemu¨ller, A. Pich and J. Portole´s, “The Green
function in the resonance region,” Phys. Lett. B 596 (2004) 96 [arXiv:hep-
ph/0404004];
V. Cirigliano, G. Ecker, M. Eidemu¨ller, R. Kaiser, A. Pich and J. Portole´s,
“The Green function and SU(3) breaking in K(l3) decays,” JHEP 0504 (2005)
006 [arXiv:hep-ph/0503108].
[28] G. P. Lepage and S. J. Brodsky, “Exclusive Processes In Quantum Chromo-
dynamics: Evolution Equations For Hadronic Wave Functions And The Form-
Factors Of Mesons,” Phys. Lett. B 87 (1979) 359;
G. P. Lepage and S. J. Brodsky, “Exclusive Processes In Perturbative Quantum
Chromodynamics,” Phys. Rev. D 22 (1980) 2157;
S. J. Brodsky and G. P. Lepage, “Large Angle Two Photon Exclusive Channels
In Quantum Chromodynamics,” Phys. Rev. D 24 (1981) 1808.
238 Bibliography
[29] I. Rosell, J. J. Sanz-Cillero and A. Pich, “Towards a determination of the chiral
couplints at NLO in 1/NC : L
r
8(µ),” arXiv:hep-ph/0610290.
[30] I. Rosell, J. J. Sanz-Cillero and A. Pich, work in progress.
[31] E. G. Floratos, S. Narison and E. de Rafael, “Spectral Function Sum Rules In
Quantum Chromodynamics. 1. Charged Currents Sector,” Nucl. Phys. B 155,
115 (1979);
P. Pascual and E. de Rafael, “Gluonic Corrections To Quark Vacuum Conden-
sate Contributions To Two Point Functions In QCD,” Z. Phys. C 12 (1982)
127.
[32] S. Weinberg, “Precise Relations Between The Spectra Of Vector And Axial
Vector Mesons,” Phys. Rev. Lett. 18 (1967) 507.
[33] M. Jamin, J. A. Oller and A. Pich, “S-wave K pi scattering in chiral per-
turbation theory with resonances,” Nucl. Phys. B 587 (2000) 331 [arXiv:hep-
ph/0006045];
M. Jamin, J. A. Oller and A. Pich, “Strangeness-changing scalar form factors,”
Nucl. Phys. B 622 (2002) 279 [arXiv:hep-ph/0110193].
[34] M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, “QCD And Resonance
Physics. Sum Rules,” Nucl. Phys. B 147 (1979) 385;
M. Jamin and M. Munz, “The Strange quark mass from QCD sum rules,” Z.
Phys. C 66 (1995) 633 [arXiv:hep-ph/9409335].
[35] M. F. L. Golterman and S. Peris, “The 7/11 rule: An estimate of m(rho)/f(pi),”
Phys. Rev. D 61 (2000) 034018 [arXiv:hep-ph/9908252].
[36] J. J. Sanz-Cillero, “Estudio de la dina´mica de los quarks mediante teor´ıas de
campos efectivas,” Ph.D. Thesis (Universitat de Vale`ncia, 2004).
[37] O. Cata` and S. Peris, “An example of resonance saturation at one loop,” Phys.
Rev. D 65 (2002) 056014 [arXiv:hep-ph/0107062].
[38] M. Bando, T. Kugo, S. Uehara, K. Yamawaki and T. Yanagida, “Is Rho Meson
A Dynamical Gauge Boson Of Hidden Local Symmetry?,” Phys. Rev. Lett. 54
(1985) 1215;
M. Bando, T. Kugo and K. Yamawaki, “Nonlinear Realization And Hidden
Local Symmetries,” Phys. Rept. 164 (1988) 217;
T. Fujiwara, T. Kugo, H. Terao, S. Uehara and K. Yamawaki, “Nonabelian
Anomaly And Vector Mesons As Dynamical Gauge Bosons Of Hidden Local
Symmetries,” Prog. Theor. Phys. 73 (1985) 926.
[39] M. Harada and K. Yamawaki, “Hidden local symmetry at one loop,” Phys.
Lett. B 297 (1992) 151 [arXiv:hep-ph/9210208];
Bibliography 239
M. Harada and K. Yamawaki, “Hidden local symmetry at loop: A new per-
spective of composite gauge boson and chiral phase transition,” Phys. Rept.
381 (2003) 1 [arXiv:hep-ph/0302103].
[40] J. Bijnens and P. Gosdzinsky, “Electromagnetic contributions to vector meson
masses and mixings,” Phys. Lett. B 388 (1996) 203 [arXiv:hep-ph/9607462];
J. Bijnens, P. Gosdzinsky and P. Talavera, “Vector meson masses in chiral
perturbation theory,” Nucl. Phys. B 501 (1997) 495 [arXiv:hep-ph/9704212];
J. Bijnens, P. Gosdzinsky and P. Talavera, “Matching the heavy vector meson
theory,” JHEP 9801 (1998) 014 [arXiv:hep-ph/9708232];
J. Bijnens, P. Gosdzinsky and P. Talavera, “Chiral corrections to vector meson
decay constants,” Phys. Lett. B 429 (1998) 111 [arXiv:hep-ph/9801418].
[41] M. Booth, G. Chiladze and A. F. Falk, “Quenched chiral perturbation theory
for vector mesons,” Phys. Rev. D 55 (1997) 3092 [arXiv:hep-ph/9610532];
C. K. Chow and S. J. Rey, “Quenched and partially quenched chiral pertur-
bation theory for vector and tensor mesons,” Nucl. Phys. B 528 (1998) 303
[arXiv:hep-ph/9708432].
[42] E. Jenkins, A. V. Manohar and M. B. Wise, “Chiral perturbation theory for
vector mesons,” Phys. Rev. Lett. 75 (1995) 2272 [arXiv:hep-ph/9506356].
[43] E. Pallante, “The mass of the scalar boson beyond the large N(c) limit,” Z.
Phys. C 75 (1997) 305 [arXiv:hep-ph/9606286];
M. Oertel, M. Buballa and J. Wambach, “Meson properties in the 1/N(c)-
corrected NJL model,” Nucl. Phys. A 676 (2000) 247 [arXiv:hep-ph/0001239].
[44] Y. Nambu and G. Jona-Lasinio, “Dynamical Model Of Elementary Particles
Based On An Analogy With Superconductivity. I,” Phys. Rev. 122 (1961) 345;
Y. Nambu and G. Jona-Lasinio, “Dynamical Model Of Elementary Particles
Based On An Analogy With Superconductivity. Ii,” Phys. Rev. 124 (1961)
246.
[45] J. Bijnens, G. Colangelo and P. Talavera, “The vector and scalar form factors
of the pion to two loops,” JHEP 9805 (1998) 014 [arXiv:hep-ph/9805389];
J. Bijnens and P. Talavera, “Pion and kaon electromagnetic form factors,”
JHEP 0203 (2002) 046 [arXiv:hep-ph/0203049].
[46] F. Guerrero and A. Pich, “Eﬀective ﬁeld theory description of the pion form
factor,” Phys. Lett. B 412 (1997) 382 [arXiv:hep-ph/9707347];
D. Go´mez Dumm, A. Pich and J. Portole´s, “tau → pi pi pi nu/tau decays
in the resonance eﬀective theory,” Phys. Rev. D 69 (2004) 073002 [arXiv:hep-
ph/0312183].
[47] J. A. Oller and E. Oset, “N/D description of two meson amplitudes and chiral
symmetry,” Phys. Rev. D 60 (1999) 074023 [arXiv:hep-ph/9809337];
240 Bibliography
D. Gomez Dumm, A. Pich and J. Portole´s, “The hadronic oﬀ-shell width of
meson resonances,” Phys. Rev. D 62 (2000) 054014 [arXiv:hep-ph/0003320];
J. A. Oller, E. Oset and J. E. Palomar, “Pion and kaon vector form factors,”
Phys. Rev. D 63 (2001) 114009 [arXiv:hep-ph/0011096];
A. Pich and J. Portole´s, “The vector form factor of the pion from unitarity and
analyticity: A model-independent approach,” Phys. Rev. D 63 (2001) 093005
[arXiv:hep-ph/0101194];
J. J. Sanz-Cillero and A. Pich, “Rho meson properties in the chiral theory
framework,” Eur. Phys. J. C 27 (2003) 587 [arXiv:hep-ph/0208199].
[48] J. Bijnens, E. Gamiz, E. Lipartia and J. Prades, “QCD short-distance con-
straints and hadronic approximations,” JHEP 0304 (2003) 055 [arXiv:hep-
ph/0304222].
[49] P. Herrera-Siklody, J. I. Latorre, P. Pascual and J. Taro´n, “Chiral eﬀective
Lagrangian in the large-N/c limit: The nonet case,” Nucl. Phys. B 497 (1997)
345 [arXiv:hep-ph/9610549].
[50] R. Kaiser in “Phenomenology of large N(c) QCD”, ed. R.F. Lebed (World
Scientiﬁc, Singapore, 2002), p. 280.
[51] S. Eidelman et al. [Particle Data Group], “Review of particle physics,” Phys.
Lett. B 592 (2004) 1.
[52] V. Cirigliano, G. Ecker, H. Neufeld and A. Pich, “Meson resonances, large N(C)
and chiral symmetry,” JHEP 0306 (2003) 012 [arXiv:hep-ph/0305311].
[53] G. Ecker, J. Kambor and D. Wyler, “Resonances in the weak chiral La-
grangian,” Nucl. Phys. B 394 (1993) 101;
G. D’Ambrosio and J. Portole´s, “Spin-1 resonance contributions to the weak
chiral Lagrangian: The vector ﬁeld formulation,” Nucl. Phys. B 533 (1998) 494
[arXiv:hep-ph/9711211].
[54] I. Rosell, P. Ruiz-Femen´ıa and J. Portole´s, JHEP 0512 (2005) 020 [arXiv:hep-
ph/0510041].
[55] M. Buchler and G. Colangelo, “Renormalization group equations for eﬀective
ﬁeld theories,” Eur. Phys. J. C 32 (2003) 427 [arXiv:hep-ph/0309049].
[56] P. C. Bruns and U. G. Meissner, “Infrared regularization for spin-1 ﬁelds,” Eur.
Phys. J. C 40 (2005) 97 [arXiv:hep-ph/0411223].
[57] J. C. Collins, “Renormalization”, Cambridge University Press (1984).
[58] G. ’t Hooft, “An Algorithm For The Poles At Dimension Four In The Dimen-
sional Regularization Procedure,” Nucl. Phys. B 62 (1973) 444.
Bibliography 241
[59] P. Ramond, “Field Theory: A Modern Primer,” Front. Phys. 74 (1989) 1;
B. S. DeWitt, “The global approach to quantum ﬁeld theory. Vol. 1, 2,” Int.
Ser. Monogr. Phys. 114 (2003) 1.
[60] A. O. Barvinsky and G. A. Vilkovisky, “The Generalized Schwinger-Dewitt
Technique In Gauge Theories And Quantum Gravity,” Phys. Rept. 119
(1985) 1;
C. Lee, T. Lee and H. Min, “Background Field And Schwinger-Dewitt Proper
Time Algorithm For The Low-Energy Eﬀective Field Theory Action,” Phys.
Rev. D 39 (1989) 1681;
R. D. Ball, “Chiral Gauge Theory,” Phys. Rept. 182 (1989) 1;
D. V. Vassilevich, “Heat kernel expansion: User’s manual,” Phys. Rept. 388
(2003) 279 [arXiv:hep-th/0306138].
[61] R. Unterdorfer, “The one-loop functional of chiral SU(2),” JHEP 0207 (2002)
053 [arXiv:hep-ph/0205162];
J. Schweizer, “Explicit generating functional for pions and virtual photons,”
JHEP 0302 (2003) 007 [arXiv:hep-ph/0212188];
R. Unterdorfer and G. Ecker, “Generating functional for strong and nonleptonic
weak interactions,” arXiv:hep-ph/0507173.
[62] J. A. M. Vermaseren, “New features of FORM,” arXiv:math-ph/0010025.
[63] Wolfram Research, Inc., Mathematica, Version 5.1, Champaign, IL (2004).
[64] J. Kambor, J. Missimer and D. Wyler, “The Chiral Loop Expansion Of The
Nonleptonic Weak Interactions Of Mesons,” Nucl. Phys. B 346 (1990) 17;
G. Ecker, G. Isidori, G. Muller, H. Neufeld and A. Pich, “Electromagnetism
in nonleptonic weak interactions,” Nucl. Phys. B 591 (2000) 419 [arXiv:hep-
ph/0006172].
[65] E. Kyriakopoulos, “Vector-Meson Interaction Hamiltonian,” Phys. Rev. 183
(1969) 1318;
Y. Takahashi and R. Palmer, “Gauge-Independent Formulation Of A Massive
Field With Spin One,” Phys. Rev. D 1 (1970) 2974.
[66] A. Z. Capri, S. Kamefuchi and M. Kobayashi, “Lagrangians For Massive Totally
Antisymmetric Tensor Fields,” Prog. Theor. Phys. 74 (1985) 368;
A. Z. Capri, M. Kobayashi and Y. Ohnuki, “The Second Rank Tensor Field, A
Systematic Study: Classiﬁcation Of The Second Rank Tensor Field Theories,”
Prog. Theor. Phys. 77 (1987) 1484.
[67] H. D. Politzer, “Power Corrections At Short Distances,” Nucl. Phys. B 172
(1980) 349;
C. Arzt, “Reduced eﬀective Lagrangians,” Phys. Lett. B 342, 189 (1995)
[arXiv:hep-ph/9304230];
242 Bibliography
C. Grosse-Knetter, “Hamiltonian quantization of eﬀective Lagrangians with
massive vector ﬁelds,” Phys. Rev. D 48, 2854 (1993) [arXiv:hep-ph/9304310].
Agra¨ıments
Malgrat que no estava molt convenc¸ut de fer els agra¨ıments, perque` e´s segur que
anava a deixar-me algun d’important, ﬁnalment he pensat que era millor co´rrer
aquest risc que no fer-los.
En primer lloc vull donar les gra`cies als meus caps, Jorge i Toni, ja que sense
ells e´s segur que aquesta tesi no hauria estat la que e´s. Ells so´n una part important
del treball d’aquests u´ltims quatre anys, per´ıode que segur mai oblidare´. Han sabut
crear un ambient de treball encomiable.
Gra`cies als meus companys i amics que deixare´ a l’IFIC, gra`cies a Julia, Paola,
Mart´ın, Pablo i Vicent, aquests quatre anys haurien estat molt me´s avorrits sense
ells. No puc oblidar-me tampoc de Juanjo i Pedro, treballar amb ells ha estat un
plaer per a mi.
Per u´ltim, gra`cies a Rut i als meus pares, que sempre han recolzat la meua decisio´
de fer el doctorat.
